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Abstract 
s-topological Groups and Related Structures 
In this research work, we study the classes of s-topological groups, Irr-topological 
groups, irresolute topological groups and a wider class of S-topological groups 
which are defined by using semi open sets and semi continuity introduced by N. 
Levine. It is shown that s-topological groups, S− topological groups and 
Irrtopological groups form a generalization of topological groups, where as 
irresolute topological group is independent of topological groups and that they are 
different from several distinct notions of semi topological groups which appear in 
the literature. Counter examples are given to strengthen these concepts. Some 
important results and applications of these topologized groups are presented. 
Similarities and differences from topological groups are investigated. s−regularity 
and s−compactness have been studied for s−topological groups. Relation between 
topologized groups has been established. Semi quotient mappings which are 
stronger than semi continuous mappings have been defined and then semi 
quotient spaces and groups are studied. It is proved that for some classes of s-
topological groups (G,∗,τ) the semi quotient space G/H is regular. 
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Chapter 1 
Introduction 
Formal definitions of definite algebraic structures appeared in the 19th century. 
Mathematicians have shaped theories of numerous algebraic structures that apply 
to many objects. For instance, almost all systems, which are studied, are sets where 
the theorems of set theory are applied. Those sets that have a certain binary 
operation defined on them form magmas (In abstract algebra, magma or groupoid 
is a basic kind of algebraic structure). Particularly, a magma consists of a set M 
equipped with a single binary operation 
M × M → M. 
The binary operation must be closed by definition but no other properties are 
imposed, to which the concepts concerning magmas, as well those concerning sets, 
apply. We can add additional constraints on the algebraic structure, such as 
associativity (to form semi groups); associativity, identity and inverse (to form a 
group); and other more complex structures. With additional structure, more 
theorems could be proved, but the generality reduces. The hierarchy of algebraic 
objects (in terms of generality) creates a hierarchy of the corresponding theories. 
For instance, the theorem of group theory apply to rings (algebraic objects that 
have two binary operations with certain axioms), since a ring is a group over one 
of its operations. Mathematicians choose a balance between the amount of 
generality and the richness of the theory. Examples of algebraic structures with a 
single binary operation are: magmas, quasi groups, semi groups, monoids, groups, 
more complicated examples include rings, fields, modules, vector spaces, algebras 
over fields, associative algebras, Lie groups, lattices, Boolean algebras, and 
applications. Abstract algebra is used in many fields of mathematics and science 
because of its generality. For instance, algebraic topology uses algebraic objects to 
study topologies. The recently (as of 2006) proved Poincare conjecture asserts 
that the fundamental group of a manifold, which encodes information about 
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connectedness, can be used to determine whether a manifold is a sphere or not. 
Algebraic number theory studies various number rings that generalize the set of 
integers. Using tools of algebraic number theory, Andrew Wiles proved Fermat’s 
Last Theorem. 
In physics, groups are used to represent symmetry operations, and the usage of 
group theory could simplify differential equations. In gauge theory, the 
requirement of local symmetry can be used to deduce the equations describing a 
system. The groups that describe those symmetries are Lie groups, and the study 
of Lie groups and Lie algebras reveals much about the physical system; for 
instance, the number of force carriers in theory is equal to dimension of the Lie 
algebra, and these bosons interact with the force they mediate if the Lie algebra is 
non abelian. A topological group is a mathematical structure that is both a 
topological space and a group, with some sort of compatibility between the 
topological and algebraic structures. Such objects lie at the point where two 
different areas of pure mathematics meet. One motivation for looking at such 
combination structures is pure intellectual curiosity. Scientists are always 
interested in learning what happens if you combine A with B. Some times the 
results are not particularly useful (or do not seem so at the time), but very often 
these combinations can lead to important new insights into our knowledge of the 
original structures and to powerful new method for analyzing questions that had 
previously been relatively difficult to study. It turns out that topological groups 
form a rich family of interesting, relatively accessible and fundamentally 
important topological spaces. One reason for this is that the group structure turns 
out to impose some severe restrictions on the topology of under lying space. 
Another reason for the importance of topological groups is that such structures 
arise in a wide range of mathematical contexts. In particular, many of the most 
important objects studied in mathematical analysis come from topological groups 
(usually with additional structure). Topological groups also play crucial roles in 
many areas of geometry, topology and algebra. There are quite useful applications 
of topological groups in sciences as well, and physics is an especially prominent 
example. 
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The algebraic and topological structures of a topological group interact in 
nontrivial ways. For example, in any topological group the connected subset 
containing the identity element is a closed normal subgroup. If a set is endowed 
with algebraic and topological structures, then it is natural to consider and 
investigate interplay between these two structures. The most natural way for such 
a study is to require algebraic operations to be continuous and its generalizations. 
It is the case in investigation of topological groups: the multiplication mapping and 
the inverse mapping are continuous. Similar situation is with topological rings, 
topological vector spaces and so on. However, it is also natural to see what will 
happen if some of algebraic operations satisfy certain weaker forms of continuity. 
Such a study in connection with topological groups started in mid 1990s and led 
to investigation of semi topological groups (the multiplication mapping is 
separately continuous), para topological groups (the multiplication is jointly 
continuous), quasi-topological groups (which are semi topological groups with 
continuous inverse mapping). It is naturally suggested to identify conditions under 
of which these classes of groups are topological groups. In the last twenty-thirty 
years many nice results related to this mathematical discipline appeared in the 
literature, and the list of such papers is too long to be mentioned here; because of 
that we refer two excellent sources: the monograph [7] by Arhangel’skii and 
Tkachenko’s survey paper [87], and references therein [1, 2, 3, 4, 6, 15, 19, 25, 42, 
49, 54, 66, 70, 81, 85, 88] and for most recent work see [62, 63, 77]. Our approach 
in the present research work will be different, and we will require less restrictive 
conditions on the group operations like semi continuity in the sense of N. Levine 
[51] (equivalently, quasi-continuity in the sense of Kempisty [43]). Some basic 
results on these generalizations of topological groups will be obtained, and 
similarities and differences from topological groups will be explored. 
Throughout in this thesis (G,τ) will be representing topological space. (G,τ) will be 
free of separation axioms until and unless mentioned. If every left (right) 
translation is continuous, then the mapping is separately continuous [7] and if 
multiplication mapping on product topological group is continuous, then it is 
jointly continuous [7]. It is known that separately continuous function need not be 
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jointly continuous, where as every jointly continuous function is separately 
continuous. This means that separate continuity is weaker than joint continuity. 
We note that the separate continuity condition is equivalent to the left 
multiplication mapping and right multiplication mapping by any element being 
self homeomorphisms of G. It is well acknowledged that every left topological 
group where the inverse mapping is continuous is a quasi topological group, and 
similarly, any right topological group where the inverse mapping is continuous is 
a quasi topological group. Equivalently, a quasi topological group [12] is a group 
endowed with a topology τ where the multiplication 
m : G × G → G defined by (x,y) 7−→ xy 
is separately continuous in each variable holding the other variable fixed and the 
inverse mapping 
i : G → G 
defined by x7−→ x−1 is continuous. Quasi topological groups (para topological 
group in the terminology of Bourbaki [16]) have been investigated by several 
authors. Their prime interest of investigation was to obtain conditions under 
which a quasi topological group is a topological group. We need also some basic 
information on (topological) groups; for more details see the excellent monograph 
[7]. Let G be a group and H its invariant subgroup. The canonical projection of G 
onto the quotient group G/H (sending each g ∈ G to the coset in G/H containing g) 
will be denoted by p. A mapping 
f : G → H 
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between two topological groups is called a topological isomorphism if f is an 
algebraic isomorphism and a topological homeomorphism. Let H be an invariant 
subgroup of G and Q be the collection of all left cosets 
aH of H, a ∈ G. 
Define a multiplication in Q as follows: For 
aH, bH ∈ Q, we put aH.bH = abH. 
It is easy to verify that under this multiplication Q is a group with eH = H as the 
identity and a−1H as the inverse of aH in Q. This group is called the quotient or 
factor group of G by H and it is denoted by G/H, where H is invariant subgroup of 
G. ”The mapping 
p : G → G/H 
defined by p(x)=xH, for each x ∈ G is called a natural projection or canonical 
homomorphism. This mapping is surjective homomorphism whose kernel is H. A 
mapping p : G → G/R that takes an element to its equivalence class under a given 
equivalence relation R is called a canonical projection mapping. A canonical 
projection mapping is often referred to as: the canonical surjection from G to G/R 
or the natural surjection. An equivalence relation partitions a set into several 
disjoint subsets, called equivalence classes. An equivalence relation on a set 
induces a unique partition and vice versa. Let p : X → Y be a surjection; C ⊂ X is 
called saturated with respect to p if for every p←(A) that intersects C, p←(A) is 
contained in C. This is equivalent to the statement that p←(p(C)) = C. Let (X,τ) be a 
topological space and Y a set. Let f be a function that maps X onto Y . Then 
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τQ = {U ⊂ Y : f←(U) ∈ τ} 
is a topology on Y , and is the quotient topology on Y induced by f. The topological 
space (Y,τQ) is the quotient space of X and the function f is the quotient mapping. 
For a subset A of a space X the symbols Int(A) and Cl(A) are used to denote the 
interior of A and the closure of A in a topological space (X,τ). If f : X → Y is a mapping 
between topological spaces X and Y and B is a subset of Y , then f←(B) denotes the 
pre-image of B [61]”. Our other topological notations and terminology will be 
standard as in [32, 33]. If (G,∗) is a group, then e denotes its identity element, and 
for a given x ∈ G, 
ℓx : G → G, y 7→ x ∗ y, 
and 
rx : G → G, y 7→ y ∗ x, 
denote the left and the right translation by x, respectively. The operation ∗ is called 
the multiplication mapping 
m : G × G → G, defined by m(x,y) = x ∗ y, for each x,y ∈ G 
and the inverse mapping 
i : G → G, defined by i(x) = x−1,for eachx ∈ G. 
A collection τd of subsets of a topological space (G,τ) is discrete provided each x ∈ 
G has an open neighbourhood that intersects at most one member of τd. 
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”A discrete group [38, 39] is a group G equipped with discrete topology. With 
discrete topology, G becomes a topological group. A discrete subgroup of a 
topological group is a subgroup H whose relative topology is the discrete one. For 
example, the integers, Z, form a discrete subgroup of the reals, R (with the standard 
metric topology), but the rational numbers, Q, do not. Any group can be given the 
discrete topology. Since every map from a discrete space is continuous, the 
topological homomorphism between discrete groups are exactly the group 
homomorphism between the underlying groups. Hence there is an isomorphism 
between the category of groups and the category of discrete groups. Discrete 
groups can therefore be identified by with their underlying (non-topological) 
groups. Since topological groups are homogeneous, one need only look at a single 
point to determine if the topological group is discrete. In particular, a topological 
group is discrete if and only if the singleton containing the identity is an open set”. 
In 1963, N. Levine [51] defined semi-open sets in topological spaces. In 
continuation many mathematicians explored different concepts and generalized 
them by using semi-open sets see [21, 22, 35, 56, 73, 75]. ”A subset A of a 
topological space 
X is said to be semi-open [51] if there exists an open set U in X such that 
U ⊂ A ⊂ Cl(U), 
or equivalently if 
A ⊂ Cl(Int(A)). 
SO(X) denotes the collection of all semi-open sets in X. The complement X −A is 
semi closed if and only if A is semi open. The semi-closure of A ⊂ X, denoted by 
sCl(A), is the intersection of all semi-closed subsets of X containing A [19, 20]. A 
set A is semi open if and only if sInt(A) = A and A is semi closed if and only if 
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sCl(A) = A. 
x ∈ sCl(A) if and only if for any semi-open set U containing x, 
 U ∩ A ≠ ∅. 
Clearly, every open (closed) set is semi-open (semi-closed). It is known that the 
union of any collection of semi-open sets is again a semi-open set, while the 
intersection of two semi-open sets need not be semi-open. The intersection of an 
open set and a semi-open set is semi-open. If A ⊂ X and B ⊂ Y are semi-open in 
spaces X and Y , then A × B is semi-open in the product space X × Y . Basic properties 
of semi-open sets are given in [51], and of semi-closed sets and the semi-closure 
in 
[48, 64, 71, 86, 90]. 
A set U ⊂ X is a semi open neighbourhood of a point x ∈ X if there exists 
A ∈ SO(X) such that x ∈ A ⊂ U. 
A set A ⊂ X is semi-open in X if and only if A is a semi open neighbourhood of each 
of its points. If a semi open neighbourhood U of a point x is a semi-open set we say 
that U is a semi open neighbourhood of x. Semi continuity, s -compactness, s-
connectedness and s-regularity are defined and studied during the recent years. 
For detail see [5, 8, 9, 10, 11, 13, 14, 23, 24, 26, 27, 29, 30, 31, 34, 40, 45, 46, 47, 52, 
72, 78, 89]”. 
The basic aim of this work is to study properties of topological spaces and 
mappings between them by weakening the continuity and openness conditions. 
Semi continuity [51] and irresolute mappings [21] were a consequence of the 
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study of semi open sets in topological spaces. In [15] Bohn and Lee defined and 
investigated the notion of s−topological groups and in [59] Siab et al. defined and 
studied the notion of irresolute topological groups by using irresolute mappings. 
The study of quasi topological groups motivated to define an algebraic structure 
in which topological properties and algebraic properties are linked together in 
such a way that multiplication mapping 
m : G × G → G 
on the product topology is separately semi continuity (irresolute) together with 
the inversion mapping i : G → G is semi continuous (irresolute). In chapter number 
two, such structures have been defined and important results have been 
investigated. One of these structures is a generalization of quasi topological group 
where as the other one is independent. 
Bohn [15] has defined and investigated some basic results on s−topological 
groups. We have proved that every topological group is an s−topological group but 
an s− topological group may not be a topological group. This means that the notion 
of s−topological group is weaker than that of topological group. S− topological 
groups are introduced by using semi open sets and semi continuity of the group 
operations. Relations between this class of groups and other classes of groups 
endowed with a topology are considered in chapter number three. It is pertinent 
to mention that this notion of S-topological groups is different from the notion of 
semi topological groups already available in the literature, in particular from semi 
topological groups introduced in [15] and called here s-topological groups. 
In chapter number four, we extend the study of two classes of topologized groups, 
which are called here irresolute topological and Irr−topological, investigate their 
properties, and establish their differences from topological groups. For this 
purpose we employ irresoluteness of the group operations instead of continuity in 
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the case of topological groups and their variations. In this chapter, we do not 
require the group operations to be necessary continuous. The first part of this sort 
is the paper [15], where semi continuity is used instead of continuity (see also [17], 
in connection with topologized groups). Here we require the group operations to 
be irresolute mappings or their variations. Properties of such groups are 
investigated and compared with properties of topological groups. 
In chapter number five, we continue the study of properties of s−topological and 
irresolute topological groups. Keeping in mind the existing concepts, semi quotient 
topology on a set is defined as a generalization of the quotient topology for spaces 
and groups. Various results on semi quotients of topologized groups are proved. A 
counter example is given to show that the quotient topology is properly contained 
in the semi quotient structure. We define also semi-isomorphisms and S -
isomorphisms between topologized groups and prove that if certain irresolute 
topological groups G and H are semi-isomorphic or S -isomorphic, then their 
semiquotients are semi-isomorphic. Investigation of s−openness and 
s−closedness of mappings on s−topological groups is also presented. To study the 
properties of quotient topology by weakening the openness conditions in the 
sense of Levine [51] is the basic interest of this chapter. Semi continuity [51] and 
irresolute mapping 
[21] were the consequence of the study of semi open sets in topological spaces. We 
define semi quotient mappings which are stronger than semi continuous 
mappings, and then consider semi quotient spaces and groups. It is proved that for 
some classes of irresolute topological groups (G,∗,τ) the quotient space G/H is 
regular. S-isomorphisms and semi-isomorphisms of s−topological and irresolute 
topological groups are also discussed. Evidently, every semi quotient mapping is 
semi continuous and every quotient mapping is semi quotient. A simple example 
 11 
is given to show that semi quotient mappings are different from semi continuous 
mappings and quotient mappings. 
Clearly, continuity implies semi continuity; the converse need not be true. Notice 
that a mapping f : X → Y is semi continuous if and only if for each x ∈ X and each 
neighbourhood V of f(x) there is a semi open neighbourhood U of x with f(U) ⊂ V . 
In [43], Kempisty defined quasi continuous mappings: ”a mapping f : X → Y is quasi 
continuous at a point x of X provided for every open neighbourhood U of x and 
every open neighbourhood W of f(x) there is a non void open set 
V ⊂ U such that f(V ) ⊂ W; 
f is quasi continuous if it is quasi continuous at each point (see also [53])”. 
Neubrunnov´a in [65] proved that semi continuity and quasi continuity coincide. 
Let (G,τ) be a topological space and A ⊂ G. Then x ∈ G is called a semi interior point 
of A if there exists a semi open set U such that 
x ∈ U ⊂ A. 
A topological space (G,τ) is semi-T2 [37, 54] if for every dissimilar points x and y in 
G, there are semi open neighbourhoods U containing x and V containing y such that 
U ∩ V = ϕ. 
A topological space (G,τ) is s-regular [55] if for any x ∈ G, and any closed set 
F ⊂ G such that x /∈ F, there are semi open neighbourhoods U containing x and 
V containing F such that 
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U ∩ V = ϕ. 
A space G is s-compact [18, 36, 80], if every semi open cover of G has a finite 
subcover. A subset A of a group G is symmetric if A = A−1. 
A mapping f : X → Y between topological spaces X and Y is called: 
• open [68] if for every open set A of X, the set f(A) is open in Y ; 
• semi-open [13] if for every open set A of X, the set f(A) is semi-open in Y ; 
• pre-semi-open [21] if for every semi-open set A of X, the set f(A) is semiopen 
in Y ; 
• s-open (s-closed) if for every semi-open (semi-closed) set A of X, the set f(A) 
is open (closed) in Y ; 
• ”continuous if for each open set V ⊂ Y the set f←(V ) is open in X. 
• semi-continuous [51] (resp. irresolute [21]) if for each open (resp. semi-
open) set V ⊂ Y the set f←(V ) is semi-open in X. Equivalently, the mapping f 
is semi-continuous (irresolute) if for each x ∈ X and for each open (semi-
open) neighbourhood V of f(x), there exists a semi-open neighbourhood U of 
x such that f(U) ⊂ V ; 
• s-perfect if it is semi-continuous, s-closed, surjective, and f←(y) is s-compact 
with respect to X, for every y in Y . 
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• semi-homeomorphism [21, 50] if f is bijective, irresolute and pre-semi-open; 
• S-homeomorphism [83] if f is bijective, semi-continuous and pre-semi-
open”. A mapping f : G → K between the groups G and K is called: 
• kernel of a homomorphism if f is a homomorphism, then the kernel of 
homomorphism f (usually denoted by ker f) is the set of those elements of G 
which are mapped onto the identity of K. Thus 
kerf = {g ∈ G : f(g) = eK}; 
• homeomorphism if f is bijective, continuous and open. 
A topological space (G,τ) is said to be semi homogeneous if for all x,y ∈ G there is a 
semi homeomorphism f of the space G onto itself such that f(x) = y. We note that 
every continuous mapping is semi continuous mapping and every irresolute 
mapping is semi continuous but continuous mapping and irresolute mapping on a 
topological space are independent in general. Crossley and Hildebrand [19], 
showed that composition of two irresolute mappings is irresolute mapping where 
this is not valid for semi continuous mappings. But Noiri [69] showed that if f : X 
→ Y is open, semi continuous and g : Y → Z is semi continuous then 
g ◦  f : X → Z 
is semi continuous. Note that lx, rx and i are semi continuous (irresolute) if and only 
if lx−1, rx−1 and i are semi open (pre semi open), since 
(lx)←(B) = lx−1(B), (rx)←(B) = rx−1(B) 
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and 
i(B) = i←(B) for any subset B 
of a group. Let (G,∗,τG) and (H,∗,τH) be topological groups. Then a mapping f : G → 
H is topologically isomorphism if and only if f is topologically homeomorphism and 
algebraically isomorphism. 
Motivated from the notions defined by Levine [51], and Bohn [15], it is natural to 
generalize the notion of topological groups using the semi open sets and the semi 
continuity (irresolute). Most of the results included in this thesis are published 
[57, 83] and submitted [60].  
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Chapter 2 
Quasi Topologized Groups 
In this chapter, we define and study the classes of quasi irresolute topological 
groups, semi Irr-topological groups and quasi s-topological groups [58]. The 
multiplication mapping 
m : G × G → G 
on the product topology is separately irresolute (semi continuity) together with 
irresolute (semi continuity) of the inversion mapping 
i : G → G, 
where as semi Irr−topological group is pre semi open but independent of inverse 
mapping. One of these structures is a generalization of quasi topological groups 
where as the others are independent. It is clear that the topology τ of a quasi 
topological group (G,∗,τ) generates a conjugate topology 
τ−1 = {A ⊂ G : A−1 ∈ τ} 
such that the mapping 
x 7−→ x−1 
is a homeomorphism of 
(G,τ) → (G,τ−1). 
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2.1 Quasi irresolute topological groups 
In this section we will define and investigate the notion of quasi irresolute 
topological group [84]. 
Definition 2.1 A triple (G,∗,τ) is said to be a quasi irresolute topological group if 
(G,∗) is a group, (G,τ) is a topological space, and (a) the left and right translations 
lx : G → G and rx : G → G 
defined respectively by 
lx(g) = x ∗ g and rx(g) = g ∗ x 
are irresolute. 
(b) the inverse mapping 
i : G → G 
defined by i(x)=x−1, for all x ∈ G, 
is irresolute. 
Theorem 2.1 Let 
(X,τX) and (Y,τY ) 
be topological spaces and let 
f : (X,τX) → (Y,τY ) be a function. 
Then f is irresolute if and only if for every semi open set V containing f(x) in 
Y, there exists a semi open set U in X such that 
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x ∈ U ⊂ f←(V ) or f(U) ⊂ V. 
Proof: Assume that f is irresolute, by definition 
f←(V ) ∈ SO(X), for every V ∈ SO(Y ). 
We show that 
x ∈ U ⊂ f←(V ). 
Let x ∈ X be any point and 
V ∈ SO(Y,f(x)). 
Since 
x ∈ f←(V ) and f←(V ) 
is semi open by hypothesis, is a semi open neighbourhood of x. This implies that 
there exists a semi open set U in X such that 
x ∈ U ⊂ f←(V ). 
Conversely let that for every semi open set V in Y containing f(x), there exists a 
semi open set Ux in X such that 
x ∈ Ux ⊂ f←(V ) = A(say). 
We prove that 
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f←(V ) is semi open in X. 
Now, 
A = ∪x∈A{x} ⊂ ∪x∈AUx ⊂ A. 
Therefore, 
A = ∪x∈AUx. 
Hence, 
A = f←(V ) is semi open in X. 
 
Example 2.1 Let G = {e,a,b,c} be the Klein’s four group. 
∗ e a b
 c e e a
 b c a a
 e c b b
 b c e
 a c c b
 a e 
Let 
τ = {ϕ,{e,a},{b,c},G} 
be the topology on G. The inverse mapping 
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i : G → G defined by i(x) = x−1, for every x ∈ G. 
For each x ∈ G and for every 
W ∈ SO(G,i(x)), 
we can find a semi open set U in G containing x which satisfies 
i(U) ⊂ W. 
This shows that i is irresolute mapping. 
Similarly, left (right) translation 
lx : G → G (rx : G → G) is irresolute for each fixed x ∈ G. 
This shows that (G,∗,τ) is a quasi irresolute topological group. 
Now we give some properties of quasi irresolute topological groups. 
Theorem 2.2 (G,∗,τ) is quasi irresolute topological group. The inverse mapping 
i : G → G 
defined by i(x)=x−1, for all x ∈ G is a 
semi homeomorphism. 
Proof: Let 
W ∈ SO(G). 
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Then by definition of irresolute mapping, 
i←(W) = i(W) = W −1 ∈ SO(G). 
That is, i is pre semi open. i is bijective obviously, hence i is semi homeomorphism. 
 
Theorem 2.3 Let (G,∗,τ) be a quasi irresolute topological group. If A ∈ SO(G,τ), then A−1 ∈ 
SO(G,τ). 
Proof: By Theorem 2.2, inverse mapping 
i : G → G 
is semi homeomorphism, so for every, 
A ∈ SO(G,τ) 
we have, 
i(A) = A−1 ∈ SO(G,τ). 
 
Theorem 2.4 Let (G,∗,τ) be a quasi irresolute topological group. If A is semi open in 
G and B ⊂ G, then 
A ∗ B and B ∗ A 
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are semi open in (G,∗,τ). Proof: Let 
x ∈ B and z ∈ A ∗ x. 
Then 
z = y ∗ x, for some y ∈ A. 
This implies that 
y = z ∗ x−1 = rx−1(z). 
For fixed x−1 ∈ G, the irresoluteness of rx−1 : G → G implies that, there exists a semi 
open set Mz such that 
rx−1(Mz) ⊂ A. 
This implies that 
Mz ∗ x−1 ⊂ A. 
or 
Mz ⊂ A ∗ x. 
This gives that z is a semi interior point of A ∗ x. This 
implies that 
A ∗ x ∈ SO(G,τ). 
Thus A ∗ B = ∪x B(A ∗ x), 
∈ 
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is semi open in (G,∗,τ). Similarly, we can prove that B∗A is semi open in a quasi 
irresolute topological group (G,∗,τ).  
We note that if µe is the collection of all semi open sets of e in a quasi irresolute 
topological group G. 
Then, the sets 
{x ∗ U : U ∈ µe} and {U ∗ x : U ∈ µe} 
are families of semi open neighbourhoods of x ∈ G. 
Theorem 2.5 Let (G,∗,τ) be a quasi irresolute topological group. Then each left (right) 
translation 
lx : G → G (rx : G → G) 
is semi homeomorphism. 
Proof: Since (G,∗,τ) is quasi irresolute topological group. Then, 
lx : G → G 
is irresolute by definition. We show that 
lx : G → G 
is bijective and pre semi open. Let 
lx(g1) = lx(g2). 
This implies that 
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x ∗ g1 = x ∗ g2. 
This gives that 
g1 = g2. 
This proves that lx is injective. 
Again for each g ∈ G, we can find 
x−1 ∗ g ∈ G, 
for some x ∈ G such that 
lx(x−1 ∗ g) = (x ∗ x−1) ∗ g = g. 
This proves that lx is onto. In order to show that lx is pre semi open, we consider a 
semi open set V in G. This implies that 
lx(V ) = x ∗ V. 
By Theorem 2.4, g ∗V is semi open in G. Thus lx is pre semi open mapping. This 
completes the proof.  
Lemma 2.1 [21] X and Y are topological spaces. If a mapping 
f : X → Y 
is semi homeomorphism, then 
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f(sCl(A)) = sCl(f(A)), for each A ⊂ X. 
Theorem 2.6 Let (G,∗,τ) be a quasi irresolute topological group. Then for any 
symmetric subset A of G, the semi closure of A is also symmetric in G. 
Proof: By Theorem 2.2 the inverse mapping 
i : G → G 
is semi homeomorphism. Hence by Lemma 2.1, 
i(sCl(A)) = (sCl(A))−1 = sCl(A−1) = sCl(A) 
because 
A−1 = A. 
That is, 
(sCl(A))−1 = sCl(A). 
 
Lemma 2.2 [69] Let A and X be subsets of a topological space X such that 
◦  
A ⊂ X and X ∈ SO(X). 
 ◦  ◦  
Then 
A ∈ SO(X) if and only if A ∈ SO(X ). 
◦  
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Lemma 2.3 If f : X → Y is an irresolute mapping and X◦  is an open set in X, 
then the restriction 
f |X◦ : X◦  → Y 
is irresolute. 
Proof: Since f is irresolute, for any semi open set V in Y , f←(V ) is semi open in X. 
Hence by Lemma 2.2, 
(f |X◦ )←(V ) = f←(V ) ∩ X◦  
is semi open in X . 
◦  
This implies that f |X◦  is irresolute.  Theorem 2.7 Every open subgroup H of a quasi 
irresolute topological group (G,∗,τ) is also a quasi irresolute topological group called 
quasi irresolute topological subgroup of G. 
Proof: Since (G,∗,τ) is a quasi irresolute topological group, H is an open subgroup 
of G. We need to prove that the inverse mapping 
i : H → H, 
the left translation 
lx : H → H 
and the right translation 
rx : H → H 
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are irresolute. Since H is open in G, (H,∗) is a group and (H,τH) is a topological space. 
By Lemma 2.3, every left (right) translation 
lx|H : H → H (rx|H : H → H) 
and the inverse mapping 
ix|H : H → H 
are irresolute.  
Theorem 2.8 Suppose that a subgroup H of a quasi irresolute topological group (G,∗,τ) 
contains a non-empty semi open subset of G. Then H is semi open in G. 
Proof: Let U be a non void semi open in G, with U ⊂ H. Then by Theorem 2.4, for 
every g ∈ H the set 
rg(U) = U ∗ g 
is semi open in (G,∗,τ) and hence 
H = ∪g∈H(U ∗ g) is a semi open in G. 
Similarly, 
lg(U) = g ∗ U 
is semi open in (G,∗,τ) and 
H = ∪g H(g ∗ U) is a semi open in G. 
∈ 
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This proves that H is semi open in G.  
Theorem 2.9 Let (G,∗,τ) be a quasi irresolute topological group and H be a discrete 
subgroup. Then sCl(H) is a subgroup of G. Proof: Let 
x,y ∈ sCl(H). 
If U and V are respective semi open neighbourhoods of x and y, then 
lx−1(U) = x−1 ∗ U, for x−1 ∈ G, 
and 
ly−1(V ) = y−1 ∗ V, for y−1 ∈ G, 
are semi open neighbourhoods of e. 
Since H is a discrete subgroup of a quasi irresolute topological group G, we have 
that 
 x−1 ∗ U ∩ H ≠ ϕ 
and 
 y−1 ∗ V ∩ H ≠ ϕ. 
Therefore, 
 (x ∗ y−1 ∗ x−1 ∗ U ∩ x ∗ y−1 ∗ H) ∪ (x ∗ y−1 ∗ y−1 ∗ V ∩ x ∗ y−1 ∗ H) ≠ ϕ 
and distributivity implies, 
 (x ∗ y−1 ∗ x−1 ∗ U ∪ x ∗ y−1 ∗ y−1 ∗ V ) ∩ x ∗ y−1 ∗ H ≠ ϕ. 
 28 
That is, 
 W ∩ x ∗ y−1 ∗ H ≠ ϕ, 
where 
W = (x ∗ y−1 ∗ x−1 ∗ U ∪ x ∗ y−1 ∗ y−1 ∗ V ) 
is a semi open neighbourhood of x ∗ y−1. Thus for each x,y ∈ sCl(H) implies 
x ∗ y−1 ∈ sCl(H). 
Hence sCl(H) is subgroup of G.  
Theorem 2.10 Let (G,∗,τ) be a quasi irresolute topological group. Then every semi 
open subgroup of G is also semi closed. 
Proof: Let H be a semi open subgroup of G. Then any left or right translation x ∗ H 
or H ∗ x is semi open for x ∈ G, so 
Y = ∪x (G H)(x ∗ H) ∈ − 
is semi open, so its complement is semi closed. This implies that 
H = G − Y 
is semi closed in G.  
Theorem 2.11 Every quasi irresolute topological group is a semi homogeneous 
space. 
Proof: Let (G,∗,τ) be a quasi irresolute topological group. We put 
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z=x−1 ∗ y, for some x,y ∈ G. 
By Theorem 2.5, 
rx : G → G 
is a semi homeomorphism of (G,∗,τ) and rz(x) = x ∗ z = x ∗ (x−1 ∗ y) = 
(x ∗ x−1) ∗ y = e ∗ y = y. 
Hence (G,∗,τ) is a semi homogeneous space.  Lemma 2.4 [55] In a topological 
space (X,τ) the following conditions are equiv- 
alent: 
(a) X is s−regular. 
(b) For every point x ∈ X and every open set U containing x, there is a semi open set V 
such that 
x ∈ V ⊂ sCl(V ) ⊂ U. 
 
Theorem 2.12 Let (G,∗,τ) be a quasi irresolute topological group. Let βe be the base 
at the identity element e and for each U ∈ βe there is a symmetric semi open 
neighbourhood V of e such that 
V ∗ V ⊂ U−1. 
Then G satisfies the axiom of s−regularity at e. 
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Proof: Let U ∈ βe. Since the left translation 
lx : G → G, 
the right translation 
rx : G → G 
and the inverse mapping 
i : G → G 
are irresolute, by the assumption, there exists a symmetric semi open 
neighbourhood V of e satisfying 
V ∗ V ⊂ U−1. 
To show that G satisfies the axiom of s−regularity, by Lemma 2.4, we need to show 
that 
sCl(V ) ⊂ U−1. 
Let 
x ∈ sCl(V ). 
Then the set x ∗ V is a semi open neighbourhood of x, which implies 
 x ∗ V ∩ V ≠ ∅. 
Therefore, there exist points a,b ∈ V such that 
b = x ∗ a, 
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that is, 
x = b ∗ a−1 ∈ V ∗ V −1 = V ∗ V ⊂ U−1. 
This implies that 
x ∈ U−1. 
This implies that 
sCl(V ) ⊂ U−1. 
 
Theorem 2.13 Let (G,∗,τ) be a quasi irresolute topological group and µe be the 
collection of all semi open neighbourhoods of the identity element e of G. Then 
(i) for every U ∈ µe, there is an element V ∈ µe such that V −1 ⊂ U. 
(ii) for every U ∈ µe, there is an element V ∈ µe such that 
V ∗ x ⊂ U, and x ∗ V ⊂ U, 
for each x ∈ U. 
(iii) for every U ∈ µe, and x ∈ G, there is an element V ∈ µe such that 
x ∗ V ∗ x−1 ⊂ U. 
Proof: (i) Since (G,∗,τ) is a quasi irresolute topological group, then for every U ∈ 
µe, there exists V ∈ SO(G,e) such that 
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i(V ) = V −1 ⊂ U. 
(ii) Since (G,∗,τ) is a quasi irresolute topological group, then for each U ∈ µe 
containing x, there exists V ∈ SO(G,e) such that 
rx(V ) = V ∗ x ⊂ U. 
Similarly, 
lx(V ) = x ∗ V ⊂ U. 
(iii) It follows from the fact that lx and rx−1 are irresolute on G and 
lx(e) = x, 
so, there exists 
V ∈ SO(G,e) 
such that 
lx(V ) = x ∗ V. 
By Theorem 2.4, x ∗ V is a semi open neighbourhood of x, and 
rx−1(x ∗ V ) = x ∗ V ∗ x−1 ⊂ U. 
 
Theorem 2.14 Let (G,∗) be a group, (G,τ) be a topological space and let left and right 
translations on (G,∗,τ) be irresolute such that for each semi open neighbourhood U of 
the neutral element e, there exists a semi open neighbourhood V of e 
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satisfying the condition 
V −1 ⊂ U. 
Then the inverse mapping of G is irresolute and, therefore, G is a quasi irresolute 
topological group. 
Proof: Take an element x ∈ G and any semi open neighbourhood W of x−1. 
Since left translation is irresolute, there exists a semi open neighbourhood U of e 
such that 
lx−1(U) = x−1 ∗ U ⊂ W. 
By the assumption, there exists a semi open neighbourhood V of e with 
V −1 ⊂ U. 
Then by Theorem 2.3, and irresoluteness 
(lx)←(V −1) = lx−1(V −1) = x−1 ∗ V −1 = (V ∗ x)−1 
is a semi open neighbourhood of x−1, that is V ∗ x is a semi open neighbourhood of 
x and 
(V ∗ x)−1 = x−1 ∗ V −1 ⊂ x−1 ∗ U ⊂ W. 
That is, 
i(V ∗ x) ⊂ W. 
 34 
It follows that the inverse mapping on G is irresolute. Hence, G is quasi irresolute 
topological group.  
Theorem 2.15 Let (G,∗,τG) be a topological group, and let (H,∗,τH) be a quasi irresolute 
topological group. Let f : G → H be a topologically isomorphism and let 
f(x−1) = (f(x))−1. 
Then H is also a topological group. 
Proof: Let h1,h2 ∈ H and let Nh1∗h−21 be an open neighbourhood of 
h1 ∗ h−2 1. 
Then 
f
←(Nh1∗h−21) 
is an open neighbourhood in G because f is homeomorphism. Also f is bijective, so 
there exist g1,g2 ∈ G such that 
f(g1) = h1, and f(g2) = h2, 
that is, 
g1 = f←(h1), and g2 = f←(h2). 
Now G is a topological group, so there exist open neighbourhoods Mg1 and Mg2 such 
that 
Mg1 ∗ Mg2−1 ⊂ f←(Nh1∗h−21). 
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This implies that 
f(Mg1 ∗ Mg2−1) ⊂ Nh1∗h−21. 
This gives that 
f(Mg1) ∗ f(Mg2−1) ⊂ Nh1∗h−21. 
This implies that 
f(Mg1) ∗ (f(Mg2))−1 ⊂ Nh1∗h−21. 
Since f is open, we have that 
f(Mg1) and f(Mg2) 
are open neighbourhoods in H containing h1 and h2 respectively. We put 
f(Mg1) = Wh1, and f(Mg2) = Wh2. 
Then we can write that 
Wh1 ∗ (Wh2)−1 ⊂ Nh1∗h−21. 
Hence H is a topological group.  
Theorem 2.16 Let V be a semi open neighbourhood of e in quasi irresolute topological 
group (G,∗,τ). Then 
V ⊂ sCl(V ) ⊂ V 2. 
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Proof: Note that s ∈ sCl(V ) if and only if every semi open neighbourhood of s meets 
V . Since s ∗ V −1 is a semi open neighbourhood of s, it must meet V . Thus there is a 
t ∈ V of the form 
s ∗ v−1, where v ∈ V. 
But then 
s = t ∗ v ∈ V ∗ V = V 2 
therefore, 
sCl(V ) ⊂ V 2. 
Thus 
V ⊂ sCl(V ) ⊂ V 2. 
 
Theorem 2.17 Let (G,∗,τ) be a quasi irresolute topological group. Then for every 
subset A of G and for every semi open neighbourhood U of the neutral element e, 
sCl(A) ⊂ A ∗ U. 
Proof: Since (G,∗,τ) is a quasi irresolute topological group, by Theorem 2.13, we 
have that for every semi open neighbourhood U of e, there exists V ∈ SO(G,e) such 
that 
V −1 ⊂ U. 
Let 
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x ∈ sCl(A) and x ∗ V 
be a semi open neighbourhood of x. Therefore, there exists 
a ∈ A ∩ x ∗ V, 
that is, 
a ∈ x ∗ V. 
This implies that 
a = x ∗ b, for some b ∈ V. 
Then 
x = a ∗ b−1 ∈ a ∗ V −1 ⊂ A ∗ U. 
Hence 
sCl(A) ⊂ A ∗ U. 
 
Theorem 2.18 Let (G,∗,τ) be a quasi irresolute topological group and let µe be a 
collection of semi open sets of the space (G,τ) at the neutral element e. Then for every 
subset A of G, 
sCl(A) = ∩{A ∗ U : U ∈ µe}. 
Proof: In view of Theorem 2.17, we only have to verify that if 
x /∈ sCl(A), 
then there exists U ∈ µe such that 
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x /∈ A ∗ U. 
Since x /∈ A, then by definition there exists a semi open neighbourhood W of e 
such that 
x ∗ W ∩ A = ϕ 
and a semi open set U in µe satisfying the condition 
U−1 ⊂ W. 
Then 
x ∗ U−1 ∩ A = ϕ, 
that is, 
{x} ∩ A ∗ U = ϕ. 
This implies that 
x /∈ A ∗ U. 
 
Theorem 2.19 If K is s−compact, then y ∗ K−1 is s−compact in a quasi irres- 
olute topological group (G,∗,τ). 
Proof: Let {Uα : α ∈ Λ} be a semi open cover of y ∗ K−1. Then 
y ∗ K−1 ⊂ ∪α∈ΛUα. 
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This implies that 
K−1 ⊂ y−1 ∗ ∪α∈ΛUα = ∪α∈Λy−1 ∗ Uα. 
This gives that 
K ⊂ ∪α∈ΛUα−1 ∗ y. 
Since K is s−compact, then there exists a finite set Λ of Λ such that 
◦  
K ⊂ ∪α∈Λ◦ Uα−1 ∗ y. 
This implies that 
K ∗ y−1 ⊂ ∪α∈Λ◦ Uα−1. 
Therefore 
y ∗ K−1 ⊂ ∪α∈Λ◦ Uα. 
That is, y∗K−1 has a finite semi open subcover in G. Hence y∗K−1 is s−compact. 
 
Theorem 2.20 A non empty subgroup H of a quasi irresolute topological group (G,∗,τ) 
is semi open if and only if its semi interior is non empty. Proof: Assume that 
x ∈ sInt(H). 
Then by definition there exists a semi open set V such that 
x ∈ V ⊂ H. 
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For every y ∈ H, we have 
ly(V ) = y ∗ V ⊂ y ∗ H = H. 
Since V is semi open so is y ∗ V, we conclude that 
H = ∪{y ∗ V : y ∈ H} 
is a semi open set as the union of semi open sets is semi open. The converse is easy 
to proof.  
Theorem 2.21 If U ∈ SO(G), then the set 
 
is a semi open set in a quasi irresolute topological group (G,∗,τ). 
Proof: Since U is semi open in a quasi irresolute topological group (G,∗,τ), by 
Theorem 2.4, we have 
U ∗ U = U2 ∈ SO(G). 
U2 ∗ U = U3 ∈ SO(G) 
and similarly 
U4,U5,... 
all are semi open sets in G. Thus the set 
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being the union of semi open sets is a semi open set.  
Definition 2.2 Suppose U is a semi open neighbourhood of the neutral element e of a 
quasi irresolute topological group (G,∗,τ). A subset A of G is called U−semi 
disjoint if 
b /∈ a ∗ U, for any disjoint a,b ∈ A. 
Definition 2.3 A collection τs of subsets of a topological space (G,τ) is semi discrete 
if every x ∈ G has a semi open neighbourhood that intersects at most one member of τs. 
Theorem 2.22 Let U and V be semi open neighbourhoods of the neutral element e in 
a quasi irresolute topological group (G,∗,τ) such that 
V 4 ⊂ U and V −1 = V. 
If a subset A of G is U−semi disjoint, then the family of semi open sets 
{a ∗ V : a ∈ A} 
is semi discrete in G. 
Proof: It suffices to verify that, for every x ∈ G, a semi open neighbourhood x∗V of 
x intersects at most one element of the family {a ∗ V : a ∈ A}. 
Suppose to the contrary that, for some x ∈ G, there exist distinct elements a,b ∈ A 
such that 
 x ∗ V ∩ a ∗ V ≠ ϕ, 
and 
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 x ∗ V ∩ b ∗ V ≠ ϕ. 
Then 
x−1 ∗ a ∈ V 2 and b−1 ∗ x ∈ V 2, 
where, 
b−1 ∗ a = (b−1 ∗ x) ∗ (x−1 ∗ a) ∈ V 4 ⊂ U. 
This implies that 
a ∈ b ∗ U. 
This contradicts the assumption that A is U−semi disjoint.  
2.2 Semi Irr−topological groups 
In this section we define and investigate the notion of semi Irr− topological group. 
It is shown that every quasi irresolute topological group is semi Irr−topological 
group, where as semi Irr−topological group may not be quasi irresolute 
topological group. This means that the notion of semi Irr−topological group is 
weaker than that of quasi irresolute topological group. 
Definition 2.4 A triple (G,∗,τ) is said to be a semi Irr-topological group if (G,∗) is a 
group, (G,τ) is a topological space, and the left (right) translation 
lx : G → G (rx : G → G) 
defined by 
lx(g) = x ∗ g (rx(g) = g ∗ x) 
is pre semi open and irresolute. 
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Theorem 2.23 Let 
f : (G,∗,τG) → (H,∗,τH) 
be a homomorphism of semi Irr−topological groups. If f is irresolute at the neutral 
element eG, then f is irresolute on G. 
Proof: Let x ∈ G be an arbitrary element. Suppose that W is a semi open 
neighbourhood of y = f(x) in H. Since the left translation in H is irresolute mapping, 
there is a semi open neighbourhood V of the neutral element eH of H such that 
ly(V ) = y ∗ V ⊂ W. 
Since f is irresolute at eG, 
f(U) ⊂ V 
for some semi open neighbourhood U of eG. Again, since 
lx : G → G 
is pre semi open, the set x ∗ U is a semi open set of x in G. Hence we have, 
f(x ∗ U) = f(x) ∗ f(U) = y ∗ f(U) ⊂ y ∗ V ⊂ W. 
This implies that f is irresolute at a point x ∈ G, and therefore on G because x 
was the arbitrary element of G. This completes the proof.  
Since every quasi irresolute topological group is semi Irr−topological group, we 
have the following: 
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Corollary 2.1 Let 
f : (G,∗,τG) → (H,∗,τH) 
be a homomorphism of quasi irresolute topological groups. If f is irresolute at the neutral 
element eG, then f is irresolute on G. 
Theorem 2.24 Let 
f : (G,∗,τG) → (H,∗,τH) 
be a homomorphism of semi Irr−topological group G and topological group H. If f is 
semi continuous at the neutral (identity) element eG, then f is semi continuous on G. 
Proof: Let x ∈ G be an arbitrary element. Suppose that W is an open neighbourhood 
of 
y = f(x) in H. 
Since the left translation in H is continuous mapping, there is an open 
neighbourhood V of the neutral element eH of H such that 
ly(V ) = y ∗ V ⊂ W. 
Since f is semi continuous at eG, 
f(U) ⊂ V 
for some semi open neighbourhood U of eG in G. Again, since 
lx : G → G 
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is pre semi open, the set x ∗ U is a semi open set of x in G. Hence we have, 
f(x ∗ U) = f(x) ∗ f(U) = y ∗ f(U) ⊂ y ∗ V ⊂ W. 
Thus f is semi continuous at a point x ∈ G, and hence on G because x was the 
arbitrary element of G. This completes the proof.  
Corollary 2.2 Let 
f : (G,∗,τG) → (H,∗,τH) 
be a homomorphism of quasi irresolute topological group G and topological group H. If 
f is semi continuous at the neutral (identity) element eG, then f is continuous on G. 
The following theorem proves when a semi Irr−topological group is a quasi 
irresolute topological group. 
Theorem 2.25 Let (G,∗,τ) be a semi Irr−topological group such that for each semi 
open neighbourhood U of the neutral element e, there is a semi open neighbourhood V 
of e satisfying V −1 ⊂ U. Then the inverse mapping in G is irresolute and therefore, G is 
a quasi irresolute topological group. 
Proof: Take an element x ∈ G and any semi open neighbourhood W of i(x) = x−1, 
and since left translation is irresolute, there exists a semi open neighbourhood U 
of e such that 
lx−1(U) = x−1 ∗ U ⊂ W. 
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By definition of pre semi open of right translation 
rx : G → G, 
for each semi open neighbourhood V of e 
rx(V ) = V ∗ x 
is a semi open neighbourhood of x. 
Now, we have 
i(V ∗ x) = (V ∗ x)−1 = x−1 ∗ V −1 ⊂ x−1 ∗ U ⊂ W. 
It follows that inverse mapping on G is irresolute. So the group G is quasi irresolute 
topological group.  
2.3 Quasi s−topological groups 
Saima [79] has defined and investigated some basic results on quasi s− topological 
groups. We show that every quasi topological group is quasi s−topological group, 
where as quasi s−topological group may not be quasi topological group. This 
means that the notion of quasi s−topological group is weaker than that of quasi 
topological group. 
Definition 2.5 [79] A triple (G,∗,τ) is said to be a quasi s−topological group if 
(G,∗) is a group, (G,τ)is a topological space, and (a) the 
left translation 
lx : G → G, 
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defined by 
lx(g) = x ∗ g, for each g ∈ G and fixed x ∈ G 
and the right translation 
rx : G → G, 
defined by 
rx(g) = g ∗ x, for each g ∈ G and fixed x ∈ G 
are semi continuous. 
(b) the inverse mapping i : G → G defined by 
i(x) = x−1, for each x ∈ G, 
is semi continuous. 
In [79] Saima proved the following results: 
Theorem 2.26 [79] Let (G,∗,τ) be a quasi s−topological group. Then the followings 
hold: 
(a) if A is open in G, then A−1 ∈ SO(τ,G). 
(b) if A is open in G, and B ⊂ G, then A ∗ B and B ∗ A are semi open in G. 
Theorem 2.27 If (G,∗,τ) is a quasi irresolute topological group, then it is a quasi 
s−topological group. 
Proof: Since the left translation 
lx : G → G, 
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defined by 
lx(g) = x ∗ g, for each g ∈ G and fixed x ∈ G 
and the right translation 
rx : G → G 
defined by 
rx(g) = g ∗ x, for each g ∈ G and fixed x ∈ G 
and the inverse mapping i : G → G defined by 
i(x) = x−1, for each x ∈ G, 
are irresolute mappings and every irresolute mapping is semi continuous mapping. 
Then the proof follows.  
Theorem 2.28 Let (G,∗,τ) be a quasi s−topological group and βe is a base at identity 
element e of G. Then: 
(i) for every U ∈ βe, there is an element 
V ∈ SO(G,e) 
such that V −1 ⊂ U. 
(ii) for every U ∈ βe, there is an element 
V ∈ SO(G,e) 
such that 
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V ∗ x ⊂ U, and x ∗ V ⊂ U, for each x ∈ U. 
Proof: (i) Since (G,∗,τ) is a quasi s−topological group then, for every U ∈βe, there 
exists V ∈ SO(G,e) such that 
i(V ) = V −1 ⊂ U 
because the inverse mapping 
i : G → G 
is semi continuous. 
(ii) Since (G,∗,τ) is a quasi s−topological group, for each open set U containing x, there 
exists V ∈ SO(G,e) such that 
rx(V ) = V ∗ x ⊂ U. 
Similarly, 
lx(V ) = x ∗ V ⊂ U. 
 
Lemma 2.5 Let A be a subset of a quasi s−topological group (G,∗,τ). Then 
(sCl(A))−1 ⊂ Cl(A−1). 
Proof: Let x ∈ (sCl(A))−1 and let U be an open neighbourhood of x. Then by Theorem 
2.26, U−1 is a semi open neighborhood of x−1. Since 
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x−1 ∈ sCl(A), 
then, 
 U−1 ∩ A ≠ ∅. 
This implies that 
 U ∩ A−1 ≠ ϕ. 
That is x ∈ Cl(A−1), and so 
(sCl(A))−1 ⊂ Cl(A−1). 
 
Corollary 2.3 Let A be a subset of a quasi irresolute topological group (G,∗,τ). 
Then 
(sCl(A))−1 = sCl(A−1). 
Theorem 2.29 If H is a discrete subgroup of a quasi s−topological group (G,∗,τ), then 
sCl(H) is a subgroup of G. Proof: Let 
x,y ∈ sCl(H). 
Let U and V be respective open neighbourhoods of x and y. Then by Theorem 2.26, we 
have 
lx−1(U) = x−1 ∗ U 
and 
ly−1(V ) = y−1 ∗ V 
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are semi open neighbourhoods of e. Since H is a discrete subgroup of a quasi 
s−topological group G, we have that 
 x−1 ∗ U ∩ H ≠ ϕ 
and 
 y−1 ∗ V ∩ H ≠ ϕ. 
Therefore, 
 (x ∗ y−1 ∗ x−1 ∗ U ∩ x ∗ y−1 ∗ H) ∪ (x ∗ y−1 ∗ y−1 ∗ V ∩ x ∗ y−1 ∗ H) ≠ ϕ 
and distributivity implies, 
 (x ∗ y−1 ∗ x−1 ∗ U ∪ x ∗ y−1 ∗ y−1 ∗ V ) ∩ x ∗ y−1 ∗ H ≠ ϕ. 
That is, 
 W ∩ x ∗ y−1 ∗ H ≠ ϕ, 
where 
W = (x ∗ y−1 ∗ x−1 ∗ U ∪ x ∗ y−1 ∗ y−1 ∗ V ) 
is a semi open neighbourhood of x ∗ y−1. Thus for each 
x,y ∈ sCl(H) 
This implies that 
x ∗ y−1 ∈ sCl(H). 
Hence sCl(H) is a subgroup of G.  
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Corollary 2.4 If H is a discrete subgroup of a quasi s−topological group (G,∗,τ), then 
Cl(H) is a subgroup of G. 
Theorem 2.30 Let 
f : (G,∗,τG) → (H,◦ ,τH) 
be a homomorphism of quasi s−topological groups. If f is irresolute at the neutral 
(identity) element eG, then f is semi continuous on G. 
Proof: Let x ∈ G be an arbitrary element. Suppose that W is an open neighbourhood of 
y = f(x) in H. Since the left translation in H is a semi continuous mapping, there is a 
semi open neighbourhood V of the neutral element eH of H such that 
ly(V ) = y ∗ V ⊂ W. 
Since f is irresolute at eG, 
f(U) ⊂ V 
for some semi open neighbourhood U of eG in G. Again, since 
lx : G → G 
is pre semi open, then set x ∗ U is a semi open set of x in G. Hence we have, 
f(x ∗ U) = f(x) ∗ f(U) = y ∗ f(U) ⊂ y ∗ V ⊂ W. 
Thus f is irresolute at a point x ∈ G, and hence on G because x was the arbitrary 
element of G. This completes the proof.  
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Theorem 2.31 Let 
f : (G,∗,τG) → (H,∗,τH) 
be a homomorphism of quasi irresolute topological group G and quasi s−topological 
group H. If f is semi continuous at the neutral (identity) element eG, then f is continuous 
on G. 
Proof: Let x ∈ G be an arbitrary element. Suppose that W is an open neighbourhood of 
y = f(x) in H. Since the left translation in H is semi continuous mapping, there is a semi 
open neighbourhood V of the neutral element eH of H such that 
ly(V ) = y ∗ V ⊂ W. 
Since f is semi continuous at eG, 
f(U) ⊂ V 
for some semi open neighbourhood U of eG in G. Again, since 
lx : G → G 
is pre semi open, the set x ∗ U is a semi open set of x in G. Hence we have, 
f(x ∗ U) = f(x) ∗ f(U) = y ∗ f(U) ⊂ y ∗ V ⊂ W. 
So f is continuous at x ∈ G, and therefore f is continuous on G.  
Chapter 3 
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s-topological Groups 
In this chapter, we study the classes of topologized groups which are generalization of 
topological groups, and that they are different from several distinct notions of semi 
topological groups which appear in the literature. Counter examples are given to 
strengthen these concepts. In this context, we will define and extend the study of 
s−topological groups and a wider class of S−topological groups which are introduced 
by using semi open sets and semi continuity given by N. Levine. Some important results 
and applications of s−topological groups and S−topological groups are presented. 
Similarities and differences from topological groups are explored. Our assumption is 
that the group operations are semi continuous in the sense of N. Levine [51] 
(equivalently, quasi-continuous in the sense of Kempisty 
[43]). 
3.1 s-topological groups 
In this section, the notion of S−topological groups is introduced by using semi open sets 
and semi continuity of the group operations. Relations between this class of groups and 
other classes of groups endowed with a topology are considered. 
Definition 3.1 A triple (G,∗,τ) is said to be an S-topological group if (G,∗) is a group, 
(G,τ) is a topological space, and (a) the multiplication mapping 
m : G × G → G 
defined by 
m(x,y) = x ∗ y, for each x,y ∈ G, 
is semi continuous, 
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(b) the inverse mapping 
i : G → G defined by i(x) = x−1, for each x ∈ G, 
is semi-continuous. 
Definition 3.2 [15] An s-topological group is a group (G,∗) with a topology τ such that 
for each x,y ∈ G and each neighbourhood W of x ∗ y−1 there are semi open 
neighbourhoods U of x and V of y such that 
U ∗ V −1 ⊂ W. 
It follows from the definition that every topological group is both an s−topological 
group and an S−topological group. It will be shown that every s−topological group is 
an S−topological group. The examples below show that the converses are not 
true. 
Remark 3.1 In the literature there are several different notions of semi topological 
groups [16] (the multiplication mapping is continuous in each variable separately and 
the inverse mapping is continuous), [7, 17, 41, 87] (the multiplication mapping is 
continuous in each variable separately; throughout this thesis we adopt this definition 
of semi topological groups), [15] (see the above definition). This fact motivated us to 
use the name S-topological groups for the introduced class and so to avoid a possible 
confusion. Our groups are different from the other mentioned groups. The Sorgenfrey 
line with the usual addition in R is a semi topological (in fact, para topological) group 
which is not an S-topological group, because the inverse mapping i is not semi 
continuous: the pre image 
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i←([a,b)) = (−b,−a] 
of the open set [a,b), a < b, is not semi-open. By [17, Example 2.6 (b)] the real line R 
with the usual addition and the co-finite topology is another such example (here the 
multiplication mapping is not semi-continuous). Example 5.1.22 in [33] (see [17]) is an 
S-topological group which is not a semi topological group. It is worth to mention that 
according to a result in [44] every para topological S-topological group is a topological 
group. 
The following example shows that (G,∗,τ) is an S−topological group but neither a 
topological group nor an s−topological group. 
Example 3.1 Let G = Z2 = {0,1} be the two-element (cyclic) group with the multiplication 
mapping m = +2, the usual addition modulo 2. Equip G with the 
Sierpin´ski topology 
τ = {∅,{0},G}. 
It is easy to see that 
SO(G × G) = {∅,{(0,0)},{(0,0),(0,1)},{(0,0),(1,0)},{(0,0),(0,1),(1,0)}, 
{(0,0),(0,1),(1,0),(1,1)},{(0,0),(1,1)},{(0,0),(0,1),(1,1)},{(0,0),(1,0),(1,1)}} 
and that 
m : G × G → G 
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is continuous at (0,0),(1,0),(0,1), but not continuous at (1,1). However, m is semi 
continuous at (1,1). For this, we consider the open set V = {0} in G containing m(1,1) 
= 0. Then the semi open set 
U = {(0,0),(1,1)} ⊂ G × G 
contains (1,1) and m(U) ⊂ V . The 
inverse mapping 
i : G → G 
is continuous and hence semi-continuous. Therefore, (G,+2,τ) is an S-topological group. 
We note that (G,+2,τ) is not an s−topological group. Also due to [17] it is not a semi 
topological group. 
Remark 3.2 Let n > 2 be a natural number. Consider the cyclic group 
G = Zn = {0,1,··· ,n − 1} 
of order n with the multiplication mapping m = +n, the addition modulo n. Take the 
topology τ = {∅,G,{0}} 
on G. Then (G,+n,τ) is an S-topological group. Indeed, the pre image m−1({0} of the 
open set {0} in G is the semi open set 
M = m−1({0}) = {(0,0)} ∪ {(k,n − k) : 1 ≤ k ≤ n − 1} ⊂ G × G 
the set {(0,0)}, open in G × G, satisfies 
{(0,0)} ⊂ M ⊂ Cl({(0,0)}) = G × G). 
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On the other hand, the inverse mapping 
i : G → G 
is continuous, and thus semi continuous. 
The following example shows that G is S−topological group but not topological group. 
Example 3.2 The set G = {1,3,5,7} is an Abelian group under multiplication m = ⊙8, the 
usual multiplication modulo 8. Endow G with the topology 
τ = {∅,G,{1},{1,3,5}}. 
We have 
SO(G) = {∅,G,{1},{1,3},{1,5},{1,7},{1,3,5},{1,3,7},{1,5,7}}. 
We observe that the inverse mapping 
i : G → G 
is continuous on G, hence is semi continuous on G, that the mapping m is continuous at 
points 
(1,1),(1,3),(3,1),(1,5),(5,1),(1,7),(7,1),(3,5),(5,3), 
and semi-continuous at points 
(3,3),(3,7),(7,3),(5,5),(5,7),(7,5),(7,7). 
Therefore, (G,⊙8,τ) is an S-topological group and not a topological group. 
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Remark 3.3 It is known that the family of semi open sets in a topological space need 
not be a topology. Note that the family SO(G) in Example 3.2 is a topology on G 
different from τ. However, the group G with the new topology SO(G) also is not a 
topological group. Indeed SO(G)-neighbourhood {1} of 
3 ⊙8 3−1 = 1, 
there is no open neighbourhood V of 3 with 
V ⊙8 V −1 ⊂ {1}. 
In the above examples 3.1 and 3.2 the inverse mapping is continuous. 
The next example gives an S−topological group in which inverse mapping is not 
continuous. 
Example 3.3 An S−topological group without continuity of the inverse mapping. 
Suppose that 
G = Z3 = {0,1,2} 
is a group under addition modulo 3 and 
τ = {ϕ,G,{0},{0,1}} 
is a topology on G. 
Since all closed sets in (G,τ) are: 
ϕ,G,{1,2},{2} 
and closure of all the members of τ are: 
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Cl(ϕ) = ϕ,Cl(G) = G,Cl({0}) = Cl({0,1}) = G. 
Therefore, family of all semi open sets in G is: 
SO(G) = {ϕ,G,{0},{0,1},{0,2}}. 
A base for the product topology on G × G is: 
β = {ϕ,G × G,{(0,0)},{(0,0),(0,1)},{(0,0),(1,0)},{(0,0),(1,0),(2,0)}, 
{(0,0),(0,1),(0,2)},{(0,0),(0,1),(1,0),(1,1)},{(0,0),(0,1),(1,0),(1,1), 
(2,0),(2,1)},{(0,0),(0,1),(0,2)(1,0),(1,1),(1,2)}}. 
Therefore, τ × τ = {ϕ,G × G,{(0,0)},{(0,0),(0,1)},{(0,0),(1,0)},{(0,0),(1,0),(2,0)}, 
{(0,0),(0,1),(0,2)},{(0,0),(0,1),(1,0),(1,1)},{(0,0),(0,1),(1,0),(1,1), 
(2,0),(2,1)},{(0,0),(0,1),(0,2)(1,0),(1,1),(1,2)},{(0,0),(0,1),(1,0)}, 
{(0,0),(0,1),(1,0),(2,0)},{((0,0),(0,1),(1,0),(0,2),(2,0)},{(0,0),(0,1), 
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(1,0),(2,0),(1,1)},{(0,0),(0,1),(1,0),(0,2),(2,0),(1,1),(1,2)},{(0,0), 
(0,1),(1,0),(0,2),(1,1)},{(0,0),(0,1),(1,0),(0,2),(2,0),(1,1),(2,1)}, 
{(0,0),(0,1),(1,0),(0,2),(2,0),(1,2),(2,1),(1,1)}. 
Now, we define multiplication mapping as: 
m : G × G → G by m(x,y) = x +3 y, for each x,y ∈ G. 
and inverse mapping as: 
i : G → G defined by i(x) = x−1, for each x ∈ G. 
One can verify the semi continuity of m and i at every point of the domain. 
Therefore, (G,+3,τ) is an S−topological group and not a topological group. 
Moreover, (G,+3,τ) is not an s−topological group because 
N1N1−1 = N1N2 = {0,1}{0,2} = G M11−1 = M12 = M0 = {0}. 
Separation axioms semi-T0, semi-T1, semi-T2, s-regular are defined as the classical 
axioms T0, T1, T2, regular, replacing everywhere open neighbourhoods by semi open 
neighbourhoods (see for example [28]). 
Remark 3.4 The group (G,⊙8,τ) in this example is a semi-T0 space which is not semi-
T1. Also, it is not an s-regular space since for the closed set A = {3,5,7} in G and the 
point 1 ∈/ A there are no disjoint semi-open neighbourhoods. Therefore, unlike the 
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topological groups where the separation axioms are equivalent, and the regularity axiom 
is satisfied, S-topological groups may have different properties. 
The group of Example 3.1 has the same properties. 
Example 3.4 There is a Tychonoff Abelian S-topological group which is not a 
topological group. 
According to [17, Example 2.7], Example 5.1.12 in [33] (the real line R with the 
topology τ in which all rational singletons are open, and neighbourhoods of irrational 
points are usual Euclidean neighbourhoods) with the usual addition is an S-topological 
group, but not a (semi)topological group. 
The following lemma will be used in the sequel. 
Lemma 3.1 [15] If (G,∗,τ) is an s−topological group, then: 
(1) A ∈ SO(G) if and only if A−1 ∈ SO(G); 
(2) If A ∈ SO(G) and B ⊂ G, then A ∗ B and B ∗ A are both in SO(G). 
The following simple result is of fundamental importance in what follows. 
Theorem 3.1 Let (G,∗,τ) be an s−topological group. Then each left (right) 
translation 
ℓg : G → G (rg : G → G) 
is an S−homeomorphism. 
Proof: We prove the statement only for left translations. Of course, left translations are 
bijective mappings. We prove directly that for any x ∈ G the translation ℓx is semi 
continuous. Let y be an arbitrary element in G and let W be an open neighbourhood of 
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ℓx(y) = x ∗ y = x ∗ (y−1)−1. 
By definition of s−topological group there exist semi open sets U and V containing x 
and y−1, respectively, such that 
U ∗ V −1 ⊂ W. 
In particular, we have 
x ∗ V −1 ⊂ W. 
By Lemma 3.1 the set V −1 is a semi open neighbourhood of y. Therefore the last 
inclusion actually means that ℓx is semi continuous at y. Since y ∈ G was an arbitrary 
element in G, ℓx is semi continuous on G. 
We prove now that ℓx is pre semi open. Let A be a semi open set in G. Then by Lemma 
3.1, the set 
ℓx(A) = x ∗ A = {x} ∗ A 
is semi open in G, which means that ℓx is a pre semi open mapping.  
Remark 3.5 The previous theorem does not hold for S-topological groups. Let G be the 
S-topological group of Example 3.1. Then {0} is an open set in G, but 
ℓ1({0}) = {1} 
is not semi open in G. Therefore, ℓ1 is not a pre semi open mapping and consequently it 
is not an S-homeomorphism of G. 
Similarly, for the group G of Example 3.2 the left translation ℓ3 is not pre semi open 
because the image 
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ℓ3({1}) = {3} 
is not semi open in G. 
Corollary 3.1 Let (G,∗,τ) be an s−topological group and x be any element of G. Then for 
any local base βe at e ∈ G, each of the families 
βx = {x ∗ U : U ∈ βe} 
and 
{x ∗ U−1 : U ∈ βe} 
is a semi-open neighbourhood system at x. 
Theorem 3.2 Every s−topological group is a quasi s−topological group. 
Proof: By Theorem 3.1, proof is straightforward.  
Definition 3.3 A topological space X is said to be S-homogeneous if for all x,y ∈ 
X there is an S-
homeomorphis
m f of the space 
X onto itself 
such that f(x) = 
y. 
Theorem 3.3 Every s−topological group (G,∗,τ) is an S−homogeneous space. Proof: 
Take any elements x and y in G and put 
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z = x−1 ∗ y. 
Then rz is an S−homeomorphism of G and 
rz(x) = x ∗ z = x ∗ (x−1 ∗ y) = y. 
 
Theorem 3.4 Let (G,∗,τ) be an s−topological group and H a subgroup of G. If H contains 
a non empty semi open set, then H is semi open in G. 
Proof: Let U be a non empty semi open subset of G with U ⊂ H. For any h ∈ H 
the set 
ℓh(U) = h ∗ U 
is semi open in G and is a subset of H. Therefore, the subgroup 
H = ∪h H(h ∗ U) 
∈ 
is semi open in G as the union of semi open sets.  
Theorem 3.5 Every open subgroup H of an s−topological group (G,∗,τ) is also an 
s−topological group (called s−topological subgroup of G). 
Proof: We have to show that for each x,y ∈ H and each open neighbourhood W ⊂ H of 
x ∗ y−1 there exist semi open neighbourhoods U ⊂ H of x and V ⊂ H of y such that 
U ∗ V −1 ⊂ W. 
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Since H is open in G, W is an open subset of G and since G is an s−topological group 
there are semi open neighbourhoods A of x and B of y such that 
A ∗ B−1 ⊂ W. 
The sets 
U = A ∩ H and V = B ∩ H 
are semi open subsets of H because H is open. Also, 
U ∗ V −1 ⊂ A ∗ B−1 ⊂ W, 
which means that H is an s−topological group.  
Theorem 3.6 Let (G,∗,τ) be an s−topological group. Then every open subgroup of G is 
semi closed in G. 
Proof: Let H be an open subgroup of G. Then every left coset x∗H of H is semi open 
because ℓx is a pre semi open mapping. Thus, 
Y = ∪x G Hx ∗ H ∈ \ 
is also semi open as a union of semi open sets. Then H = G\Y and so H is semi closed.
 Remark 3.6 It is known that if H is a subgroup of a topological group G, then Cl(H) is 
also a subgroup of G. What about s−topological group and S− topological group?. The 
answer is no: because Cl(H) need not be a subgroup of G. 
Example 3.5 Let G = {0,1,2,3} be a group under the addition modulo 4. Endow G with 
the topology 
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τ = {∅,G,{1},{0,1}}. 
Then (G,+4,τ) is an S−topological group. 
Closed sets are 
∅,G,{0,2,3},{2,3} 
Take the subgroup H = {0,2} of the group G. Then 
Cl(H) = {0,2,3} 
which is not a subgroup of G. 
Theorem 3.7 Let f : G → H be a homomorphism of s−topological groups. If f is irresolute 
at the neutral element eG of G, then f is irresolute and thus semicontinuous on G. 
Proof: Let x ∈ G. Suppose that W is a semi open neighbourhood of y = f(x) in H. Since 
the left translations in H are semi continuous mappings, there is a semi open 
neighbourhood V of the neutral element eH of H such that 
ℓy(V ) = y ∗ V ⊂ W. 
From irresoluteness of f at eG it follows the existence of a semi open set U ⊂ G containing 
eG such that f(U) ⊂ V . Since 
ℓx : G → G 
is a pre semi open mapping, the set x ∗ U is a semi open neighbourhood of x, and we 
have 
f(x ∗ U) = f(x) ∗ f(U) = y ∗ f(U) ⊂ y ∗ V ⊂ W. 
Hence f is irresolute (and thus semi continuous) at the point x of G. Therefore 
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f is continuous on G.  Corollary 3.2 Let 
f : (G,∗,τG) → (H,◦ ,τH) 
be homomorphism, where G is an s−topological group and H is a topological group. If 
f is semi continuous at the neutral element eG of G, then f is semi continuous on G. 
Theorem 3.8 Let (G,∗,τ) be an s−topological group with base βe at the identity element 
e such that for each U ∈ βe there is a symmetric semi open neighbourhood 
V of e such that 
V ∗ V ⊂ U. 
Then G satisfies the axiom of s−regularity at e. 
Proof: Let U be an open set containing the identity e. Then, by assumption, there is a 
symmetric semi open neighbourhood V of e satisfying 
V ∗ V ⊂ U. 
We have to show that 
sCl(V ) ⊂ U. 
Let x ∈ sCl(V ). The set x ∗ V is a semi open neighbourhood of x, which implies 
 x ∗ V ∩ V ≠ ∅. 
Therefore, there exist points 
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a,b ∈ V such that b = x ∗ a, i.e. 
x = b ∗ a−1 ∈ V ∗ V −1 = V ∗ V ⊂ U. 
 
Theorem 3.9 Let A and B be subsets of an s−topological group G. Then: 
sCl(A) ∗ sCl(B) ⊂ Cl(A ∗ B) and (sCl(A))−1 ⊂ Cl(A−1). 
Proof: Suppose that 
x ∈ sCl(A), and y ∈ sCl(B). 
Let W be an open neighbourhood of x ∗ y. Then there exist semi open neighbourhoods 
U and V of x and y respectively such that 
U ∗ V ⊂ W. 
Since 
x ∈ sCl(A), and y ∈ sCl(B), 
there exist 
a ∈ A ∩ U and b ∈ B ∩ V. 
Then 
a ∗ b ∈ (A ∗ B) ∩ (U ∗ V ) ⊂ (A ∗ B) ∩ W. 
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This means 
x ∗ y ∈ Cl(A ∗ B), 
Therefore, we have 
sCl(A) ∗ sCl(B) ⊂ Cl(A ∗ B). 
For the second part of the proof every s−topological group is a quasi s−topological 
group, and due to the Lemma 2.5 the proof follows easily.  
Remark 3.7 The inclusions in the Theorem 3.9, are not true for S -topological groups. 
Let G be the group in Example 3.2. Take the sets A = {1,3} and B = {5,7}. Then sCl(A) 
= G and sCl(B) = {5,7}. Therefore, 
sCl(A) ∗ sCl(B) = G 
and 
sCl(A ∗ B) = {5,7} 
and 
Cl(A ∗ B) = {3,5,7}. 
That is, 
sCl(A) ∗ sCl(B) sCl(A ∗ B). 
3.2 Properties of s−topological groups 
In this section, properties of s−topological groups are investigated. s− regularity and 
s−compactness have been studied for s−topological groups. Relation between 
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topologized groups has been established. Counter examples are given to show that 
reverse implications are not true in general. 
Theorem 3.10 Let (G,∗,τ) be an s−topological group and βe is the base at identity 
element e of G. Then: 
(i) for every U ∈ βe, there is an element 
V ∈ SO(G,e) 
such that V 2 ⊂ U. 
(ii) for every U ∈ βe, there is an element 
V ∈ SO(G,e) 
such that V −1 ⊂ U. 
(iii) for every U ∈ βe, there is an element 
V ∈ SO(G,e) 
such that V ∗ x ⊂ U, for each x ∈ U. 
Proof: (i) Let U ∈ βe. This implies that 
e ∈ U ⊂ G 
and 
Nx∗y−1 = Ue∗e = U. 
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Since (G,∗,τ) is an s−topological group, there exists 
V ∈ SO(G,e). 
By the Lemma 3.1, 
V −1 ∈ SO(G,e) 
such that 
V ∗ V ⊂ U. 
Therefore, 
V 2 ⊂ U. 
(ii) Since (G,∗,τ) is an s−topological group, for every U ∈ βe, there exists 
V ∈ SO(G,e) 
such that 
i(V ) = V −1 ⊂ U 
because the inverse function 
i : G → G 
is semi continuous by Theorem 7 [15]. 
(iii) Since (G,∗,τ) is an s−topological group, by Theorem 3.1, 
lx : G → G 
and 
rx : G → G 
are S−homeomorphisms. 
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Thus for each U ∈ βe containing x, there exists V ∈ SO(G,e) such that 
rx(V ) = V ∗ x ⊂ U. 
 
The following example shows that Theorem 3.10 (i) is not true for S− topological 
groups. 
Example 3.6 G = {0,1,2} is a group under addition modulo 3, and 
τ = {ϕ,G,{0},{0,1}} 
is a topology on G. Then 
SO(G) = {ϕ,G,{0},{0,1},{0,2}}. 
Here (G,+3,τ) is an S−topological group but not an s− topological group. For any U ∈ βe 
(base at the identity element e other than {e} and G), we can not find V from SO(G) 
satisfying 
V 2 ⊂ U. 
Theorem 3.11 Let V be a semi open neighbourhood of e in s−topological group 
(G,∗,τ). Then 
V ⊂ sCl(V ) ⊂ V 2. 
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Proof: Note that s ∈ sCl(V ) if and only if every semi open neighbourhood of s meets V 
. Since s ∗ V −1 is a semi open neighbourhood of s, it must meet V . Thus there is t ∈ V 
of the form s ∗ v−1, where v ∈ V . But then 
s = t ∗ v ∈ V ∗ V = V 2 
and sCl(V ) ⊂ V 2. Thus 
V ⊂ sCl(V ) ⊂ V 2. 
 
Theorem 3.12 Let (G,∗,τ) be an s−topological group. Then for every subset A of G and 
every open neighbourhood U of the neutral element e, 
sCl(A) ⊂ A ∗ U. 
Proof: By Theorem 3.10, for every open neighbourhood U of e, there exists 
V ∈ SO(G,e) 
such that 
V −1 ⊂ U. 
Let x ∈ sCl(A) and x ∗ V is a semi open neighbourhood of x. Therefore, there 
exists 
a ∈ A ∩ x ∗ V, 
that is, 
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a ∈ x ∗ V. 
This implies that 
a = x ∗ b, for some b ∈ V. 
Then 
x = a ∗ b−1 ∈ a ∗ V −1 ⊂ A ∗ U. 
Hence 
sCl(A) ⊂ A ∗ U. 
 
Theorem 3.13 Let (G,∗,τ) be an s−topological group and βe a base of the space 
(G,τ) at the neutral element e. Then for every subset A of G, 
sCl(A) = ∩{A ∗ U : U ∈ βe}. 
Proof: In view of Theorem 3.12, we only have to verify that if x /∈ sCl(A), then there 
exists U ∈ βe such that x /∈ A ∗ U. Since x /∈ A, then by definition there exists a semi 
open neighbourhood W of e such that 
x ∗ W ∩ A = ϕ. 
Take U in βe satisfying the condition U−1 ⊂ W. Then 
x ∗ U−1 ∩ A = ϕ, 
that is, 
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{x} ∩ A ∗ U = ϕ. 
This implies that 
x /∈ A ∗ U. 
 
Theorem 3.14 If (G,∗,τ) is an s−topological group, then (G,τ) is s− regular and semi−T2. 
Proof: Suppose that F ⊂ G is closed and s /∈ F. Multiplying by s−1 allows us to assume 
that 
s = e. 
Since F is closed, 
W = G − F 
is an open neighbourhood of e. By a Theorem 3.10, there exists 
V ∈ SO(G,e) 
such that V 2 ⊂ W. Thus by Theorem 3.12, 
sCl(V ) ⊂ W. 
Then 
U = G − sCl(V ) 
is a semi open neighbourhood containing F which is disjoint from V . This proves that 
(G,∗,τ) is s−regular. That is, 
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e ∈ V ∈ SO(G) 
and 
 e ≠ y ∈ F ⊂ U ∈ SO(G) 
such that 
V ∩ U = ϕ. 
Hence G is semi−T2 space.  Theorem 3.15 If K is s−compact, then y∗K−1 is 
s−compact in an s−topological group (G,∗,τ). 
Proof: Let 
{Uα : α ∈ Λ} 
be a cover of 
y ∗ K−1, where Uα ∈ SO(G). 
Then 
y ∗ K−1 ⊂ ∪α∈ΛUα. 
This implies that 
K−1 ⊂ y−1 ∗ ∪α∈ΛUα = ∪α∈Λy−1 ∗ Uα. 
This implies that 
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K ⊂ ∪α∈ΛUα−1 ∗ y. Since K is s−compact, 
then there exists a finite set Λ of Λ such that 
◦  
K ⊂ ∪α∈Λ◦ Uα−1 ∗ y. 
This gives that 
K ∗ y−1 ⊂ ∪α∈Λ◦ Uα−1. 
This implies that 
y ∗ K−1 ⊂ ∪α∈Λ◦ Uα. 
That is, y∗K−1 has a finite semi open subcover in G. Hence y∗K−1 is s−compact. 
 
Theorem 3.16 If (G,∗,τ) is an s−topological group, then the inverse mapping 
i : G → G defined by i(x) = x−1 for all x ∈ G 
is an S−homeomorphism. 
Proof: Firstly we show that i is one-to-one and onto 
i(x) = i(y). 
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This implies that 
x−1 = y−1. 
or 
y = x. 
This implies that 
x = y. 
Therefore, i is one-to-one. 
For each x ∈ G, there exists x−1 ∈ G such that 
i(x−1) = (x−1)−1 = x. 
Thus i is bijective. By [15], inverse mapping 
i : G → G 
is semi continuous, and for i to be pre semi open, let W be a semi open neighbourhood 
of x ∈ G. Then by Lemma 3.1, 
i(W) = W −1 ∈ SO(G). 
Hence i is an S−homeomorphism on G.  
Theorem 3.17 A non empty subgroup H of an s−topological group (G,∗,τ) is semi open 
if and only if its semi interior is non empty. 
Proof: Assume that x ∈ sInt(H). Then by definition there is a semi open set V such that 
x ∈ V ⊂ H. 
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For every y ∈ H, we have 
y ∗ V ⊂ y ∗ H = H. 
Since V is semi open so is y ∗ V, we conclude that 
H = ∪{y ∗ V : y ∈ H} 
is a semi open set as the union of semi open sets is semi open. 
Conversely, let H be a semi open set in G. Then for each x ∈ H, we have 
x ∈ H ⊂ H. 
That is, H is semi open neighbourhood of x. This implies that 
x ∈ sInt(H). 
 
Theorem 3.18 Let (G,∗,τ) be an s−topological group and U is a semi open set in G. Then 
the set 
 
is a semi open set in G. 
Proof: Since U is semi open in an s−topological group (G,∗,τ), by the Lemma 
3.1 , we have that 
U ∗ U = U2 ∈ SO(G). 
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and 
U2 ∗ U = U3 ∈ SO(G) 
and similarly 
U4,U5,... 
all are semi open sets in G. Thus the set 
 
being the union of semi open sets is a semi open set.  
Theorem 3.19 Let A be a subset of an s−topological group (G,∗,τ). Then 
(sInt(A))−1 = sInt(A−1). 
Proof: By Theorem 3.16, the inverse mapping i : G → G is an S−homeomorphism, we have 
sInt(i(A)) = sInt(A−1) = i(sInt(A)) = (sInt(A))−1. 
 
Theorem 3.20 Let (G,∗,τ) be an s−topological group. Then for any symmetric subset A 
of G, the closure of A is also symmetric in G. 
Proof: Since the inverse mapping 
i : G → G 
defined by 
i(x) = x−1, for each x ∈ G 
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is semi continuous. So the composition i◦ i is the identity mapping G onto G and i is 
homeomorphism. Hence 
i(Cl(A)) = (Cl(A))−1 = Cl(A−1) = Cl(A) 
because 
A−1 = A. 
That is, 
(Cl(A))−1 = Cl(A). 
 
Theorem 3.21 Let U and V be semi open neighbourhoods of the neutral element e in an 
s−topological group (G,∗,τ) such that 
V 4 ⊂ U and V −1 = V. 
If a subset A of G is U−semi disjoint, then the family of semi open sets 
{a ∗ V : a ∈ A} 
is semi discrete in G. 
Proof: It suffices to verify that, for every x ∈ G, a semi open neighbourhood x∗V of x 
intersects at most one element of the family 
{a ∗ V : a ∈ A}. 
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Suppose to the contrary that, for some x ∈ G, there exists distinct elements a,b ∈ A such 
that 
 x ∗ V ∩ a ∗ V ≠ ϕ, 
and 
 x ∗ V ∩ b ∗ V ≠ ϕ. 
Then 
x−1 ∗ a ∈ V 2 
and 
b−1 ∗ x ∈ V 2, 
where 
b−1 ∗ a = (b−1 ∗ x)(x−1 ∗ a) ∈ V 4 ⊂ U. 
This implies that 
a ∈ b ∗ U. 
This contradicts the assumption that A is U−semi disjoint.  
In the next example it is shown that left translation is not an irresolute mapping at a 
point of the topological space and hence it is neither a quasi irresolute topological group 
nor an s−topological group, where as it is an S−topological group. 
Example 3.7 Let G = {0,1,2} be an abelian group under addition modulo 3. 
 +3 0 1 2 
0 0 1 2 
. 
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1 1 2 0 
2 2 0 1 
We endow with the topology 
τ = {ϕ,{0},{0,1},G} 
and 
SO(G) = {ϕ,{0},{0,1},{0,2},G}. 
Here (G,+3,τ) is not a quasi irresolute topological group since l1(1) = 2. Take a semi 
open neighbourhood 
W = {0,2} of 2 
and there is no semi open neighbourhood U of 1, for which 
l1(U) ⊂ W. 
This implies that left translation l1 is not irresolute at x = 1. Hence (G,+3,τ) is not a quasi 
irresolute topological group. 
Remark 3.8 Left (right) translation on S−topological groups is not semi 
homeomorphism. 
Take for example, the G = {0,1,2,3} which is an S−topological group under the addition 
modulo 4. Topology on G is 
τ = {ϕ,G,{0}}. 
Then 
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SO(G) = {ϕ,G,{0},{0,1},{0,2},{0,3},{0,1,2},{0,1,3},{0,2,3}}. 
Since l2(2) = 0 and for 
W = {0} ∈ SO(G,0), 
there does not exist a semi open set {2} in G such that 
l2({2}) ⊂ W. 
That is, lx is not irresolute and hence lx is not semi homeomorphism. 
3.3 Semi connectedness in s−topological groups 
In this section, we study the semi connectedness of s−topological groups. 
Definition 3.4 [76] A topological space G is semi connected if it cannot be expressed as 
the union of two non empty disjoint semi open sets. In other words, if 
G is semi disconnected, then there are non empty disjoint semi open sets U and 
V such that 
U ∪ V = G. 
The pair (U,V ) is called a semi disconnection of G. Equivalently, a topological space G 
is semi connected if whenever 
G = U ∪ V, 
where U and V are non empty semi open sets, then 
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 U ∩ V ≠ ϕ. 
G is semi connected when G has no non empty proper subsets which are both semi closed 
and semi open. 
Remark 3.9 Every semi connected space is connected but the converse is not true in 
general. 
Example 3.8 Suppose G = {a,b,c} and the topology on G is 
τ = {ϕ,{a},{b},{a,b},G} 
Then 
SO(G) = {ϕ,{a},{b},{a,b},{a,c},{b,c},G}. 
Here the topological space (G,τ) is connected because we can not write G as a union of 
any two non empty disjoint open sets, where as {a}, {b,c} are semi open sets such that 
{a} ∪ {b,c} = G. 
That is G is semi disconnected. 
Theorem 3.22 Let U be an arbitrary open neighbourhood of the neutral element e of a 
semi connected s−topological group (G,∗,τ). Then 
. 
Proof: Choose a symmetric semi open neighbourhood V of e in G. Let (G,∗,τ) be an 
s−topological group. Then by Theorem 3.10, V −1 ⊂ U. This implies that V ⊂ U. Then 
 
is a subgroup of G because for x,y ∈ H, we have, 
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x ∗ y−1 ∈ V p ∗ (V q)−1 = V p+q ⊂ H, for some p,q ∈ N. 
Also, by Theorem 3.18, H is a semi open in G and Theorem 3.6 gives that H is semi 
closed in G. Since G is semi connected, we must have H = G. As V ⊂ U, 
it follows that 
. 
 
Chapter 4 
Irresolute Topological Groups 
In this chapter, we extend the study of two classes of topologized groups, which are 
called here irresolute topological groups and Irr−topological groups, first defined by 
Siab [59]. Further their properties are investigated, and their differences from 
topological groups are established. For this purpose we employ irresoluteness of the 
group operations instead of continuity in the case of topological groups and their 
variations. Properties of such groups are investigated and compared with properties of 
topological groups. 
4.1 Irresolute topological groups and its properties 
In this section, we discuss irresolute topological groups and their properties. 
Definition 4.1 [59] A triple (G,∗,τ) is said to be an Irr-topological group if 
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(G,∗) is a group, (G,τ) is a topological space, and (a) the 
multiplication mapping 
m : G × G → G 
defined by 
m(x,y) = x ∗ y, for each x, y ∈ G, 
is irresolute, 
(b) the inverse mapping 
i : G → G 
defined by 
i(x) = x−1, for each x ∈ G, 
is irresolute. 
Definition 4.2 [59] A triple (G,∗,τ) is an irresolute topological group with a group (G,∗) 
and a topology τ such that for each x, y ∈ G and for each semi open neighbourhood W 
of x ∗ y−1, there exist semi-open neighbourhoods U of x and V of y such that 
U ∗ V −1 ⊂ W. 
Every irresolute topological group is an Irr− topological group. 
Lemma 4.1 [59] If (G,∗,τ) is an irresolute topological group, then the sets 
(1) A ∈ SO(G) if and only if A−1 ∈ SO(G); 
(2) If 
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A ∈ SO(G) and B ⊂ G, 
then 
A ∗ B and B ∗ A 
are both semi open in G. 
The following example shows that if (G,∗,τ) is an Irr−topological group, neither it is 
topological group nor an irresolute topological group. 
Example 4.1 Suppose that 
G = {e,a,b,c} 
is the Klein four group and 
τ = {ϕ,G,{e},{e,a,b}} 
is a topology on G. 
Then 
SO(G) = {ϕ,G,{e},{e,a},{e,b},{e,c},{e,a,b},{e,a,c},{e,b,c}}. Therefore, the product 
topology τ × τ on G × G is: 
τ × τ = {ϕ,{(e,e)},{(e,e),(e,a),(e,b)},{(e,e),(a,e),(b,e)},{(e,e), 
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(e,a),(e,b),(e,c)},{(e,e),(a,e),(b,e),(c,e)},{(e,e),(e,a),(e,b),(a,e), 
(b,e)},{(e,e),(e,a),(e,b),(a,e),(b,e),(c,e)},{(e,e),(e,a),(e,b),(a,e), 
(b,e),(e,c)},{(e,e),(e,a),(e,b),(a,e),(b,e),(e,c),(c,e)},{(e,e),(e,a), 
(e,b),(a,e),(a,a),(a,b),(b,e),(b,a),(b,b)},{(e,e),(e,a),(e,b),(a,e),(b,e), 
(a,a),(a,b),(b,a),(b,b),(e,c)},{(e,e),(e,a),(e,b),(a,e),(b,e),(a,a),(a,b), 
(b,a),(b,b),(c,e)},{(e,e),(e,a),(e,b),(e,c),(a,e),(a,a),(a,b),(a,c),(b,e), 
(b,a),(b,b),(b,c)},{(e,e),(e,a),(e,b),(a,e),(a,a),(a,b),(a,c),(b,e),(b,a), 
(b,b),(b,c),(c,e)},{(e,e),(e,a),(e,b),(a,e),(a,a),(a,b),(b,e),(b,a),(b,b), 
(c,e),(c,a),(c,b)},{(e,e),(e,a),(e,b),(e,c),(a,e),(a,a),(a,b),(b,e),(b,a), 
(b,b),(c,e),(c,a),(c,b)},{(e,e),(e,a),(e,b),(e,c),(a,e),(a,a),(a,b),(a,c), 
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(b,e),(b,a),(b,b),(b,c),(c,e),(c,a),(c,b)},{(e,e),(e,a),(e,b),(e,c),(a,e), 
(a,a),(a,b),(a,c),(b,e),(b,a),(b,b),(b,c),(c,e),(c,a),(c,b),(c,c)}}. 
Now, we define multiplication mapping as: 
m : G × G → G by m(x,y) = x ∗ y, for each x,y ∈ G. 
and inverse mapping 
i : G → G defined by i(x) = x−1, for each x ∈ G. 
One can verify the irresoluteness of m and i at every point of the domain. This gives 
that (G,∗,τ) is an Irr− topological group, where as, (G,∗,τ) is not an irresolute topological 
group because of the points 
x = a and y = c, 
NaNc−1 = NaNc = {e,a}{e,c} = G Mac−1 = Mac = Mb = {e,b}. 
Theorem 4.1 If (G,∗,τ) is an irresolute topological group, then it is an s− topological 
group. Proof: Let 
x,y ∈ G 
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and let 
W ⊂ G 
be an open neighbourhood of 
x ∗ y−1. 
Since (G,∗,τ) is an irresolute topological group, there are semi open neighbourhoods 
U ⊂ G of x and V ⊂ G of y 
such that 
U ∗ V −1 ⊂ W. 
This implies that (G,∗,τ) is an s−topological group.  
Theorem 4.2 If (G,∗,τ) is an Irr−topological group, then it is an S− topological group. 
Proof: Since irresolute mapping is a semi continuous mapping, therefore an 
topological group (G,∗,τ) is an S− topological group. 
Theorem 4.3 If (G,∗,τ) is an irresolute topological group, then it is an S−topological group. 
Proof: Since (G,∗,τ) is an irresolute topological group, then by Theorem 4.1, it is an 
s−topological group and every s− topological group is S− topological group 
therefore, it is S− topological group.  
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The next example shows that if (G,∗,τ) is an S−topological group, but neither it is 
topological group nor an irresolute topological group. 
Example 4.2 Suppose that 
G = {1,3,5,7} 
is a group under multiplication modulo 8. Let 
τ = {ϕ,G,{1},{1,3,5}} 
be a topology on G. 
Therefore, the collection of all semi open sets in (G,τ) is: 
SO(G) = {ϕ,G,{1},{1,3},{1,5},{1,7},{1,3,5},{1,3,7},{1,5,7}}. 
Therefore, the product topology τ × τ on G × G is: 
τ × τ = {ϕ,{(1,1)},{(1,1),(1,3),(1,5)},{(1,1),(3,1),(5,1)},{(1,1), 
(1,3),(1,5),(1,7)},{(1,1),(3,1),(5,1),(7,1)},{(1,1),(1,3),(1,5),(3,1), 
(5,1)},{(1,1),(1,3),(1,5),(3,1),(5,1),(7,1)},{(1,1),(1,3),(1,5),(3,1), 
(5,1),(1,7)},{(1,1),(1,3),(1,5),(3,1),(5,1),(1,7),(7,1)},{(1,1),(1,3), 
(1,5),(3,1),(3,3),(3,5),(5,1),(5,3),(5,5)},{(1,1),(1,3),(1,5),(3,1),(5,1), 
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(3,3),(3,5),(5,3),(5,5),(1,7)},{(1,1),(1,3),(1,5),(3,1),(5,1),(3,3),(3,5), 
(5,3),(5,5),(7,1)},{(1,1),(1,3),(1,5),(1,7),(3,1),(3,3),(3,5),(3,7),(5,1), 
(5,3),(5,5),(5,7)},{(1,1),(1,3),(1,5),(3,1),(3,3),(3,5),(3,7),(5,1),(5,3), 
(5,5),(5,7),(7,1)},{(1,1),(1,3),(1,5),(3,1),(3,3),(3,5),(5,1),(5,3),(5,5), 
(7,1),(7,3),(7,5)},{(1,1),(1,3),(1,5),(1,7),(3,1),(3,3),(3,5),(5,1),(5,3), 
(5,5),(7,1),(7,3),(7,5)},{(1,1),(1,3),(1,5),(1,7),(3,1),(3,3),(3,5),(3,7), 
(5,1),(5,3),(5,5),(5,7),(7,1),(7,3),(7,5)},{(1,1),(1,3),(1,5),(1,7),(3,1), 
(3,3),(3,5),(3,7),(5,1),(5,3),(5,5),(5,7),(7,1),(7,3),(7,5),(7,7)}}. 
Now, we define multiplication mapping as: 
m : G × G → G by m(x,y) = x ⊙8 y, for each x,y ∈ G. 
and inverse mapping 
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i : G → G defined by i(x) = x−1, for each x ∈ G. 
One can verify the semi continuity of m and i at every point of the domain. This gives 
that, (G,⊙8,τ) is an S− topological group. However, (G,⊙8,τ) is not an irresolute 
topological group because for the points 
x = 3 and y = 7 
and for the semi open set {1,5} of 
x ⊙8 y−1 = 5 
we can not find semi open sets U and V of x and y respectively such that 
U ⊙8 V −1 ⊂ {1,5}. 
Moreover, (G,⊙8,τ) is not a topological group because m is not continuous at the 
point 
(3,3) of G × G. 
The following example shows that (G,∗,τ) is an S−topological group, but not an 
irresolute topological group. 
Example 4.3 Let G = {1,ω,ω2} be a group under multiplication, where ω is a complex 
cube root of unity and, let topology on G be 
τ = {ϕ,{1},G}. 
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Then 
SO(G) = {ϕ,{1},{1,ω},{1,ω2},G}. 
Define multiplication mapping 
m : G × G → G 
by 
m(x,y) = x ∗ y, for each x,y ∈ G 
and inverse mapping 
i : G → G 
defined by 
i(x) = x−1, for each x ∈ G. 
Then m and i are semi continuous mappings. 
Therefore, (G,∗,τ) is an S−topological group but not an irresolute topological group 
because for 
x = ω and y = ω2, 
we have 
Nω ∗ N(ω2)−1 = {1,ω} ∗ {1,ω} = G * Mω∗(ω2)−1 = Mω∗ω = Mω2 = {1,ω2}. 
Lemma 4.2 [59] In every irresolute topological group G all left and right translations are 
semi homeomorphism. 
Theorem 4.4 If (G,∗,τ) is an irresolute topological group, then the inverse mapping 
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i : G → G 
defined by 
i(x) = x−1, for all x ∈ G 
is a semi homeomorphism. 
Proof: Let 
W ∈ SO(G). 
Then by Lemma 4.1, 
i(W) = W −1 ∈ SO(G), 
that is, i is pre semi open and 
i(W −1) = (W −1)−1 = W ⊂ W. 
So, i is bijective and irresolute and hence i is semi homeomorphism.  
Corollary 4.1 Every irresolute topological group is a quasi irresolute topological group. 
Proof: By Lemma 4.2 and Theorem 4.4, left (right) translation and inverse mapping on 
an irresolute topological group are semi homeomorphism and the proof follows.  
The following example shows that (G,+2,τ) is an Irr−topological group but not a quasi 
irresolute topological group. 
Example 4.4 The group (G,+2,τ) with topology 
τ = {ϕ,{0},G} 
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is an Irr−topological group and 
l1(1) = 0. 
Take a semi open neighbourhood 
W = {0}. 
Then we can not find any semi open neighbourhood U containing 1 for which 
l1(U) ⊂ W. 
This implies that 
l1 is not irresolute at x = 1. 
Thus (G,+2,τ) is not a quasi irresolute topological group. 
Theorem 4.5 Let (G,∗,τ) be an irresolute topological group and let µe be the collection 
of semi open neighbourhoods at identity element e of G. Then 
(i) for every U ∈ µe, there is an element V ∈ µe such that 
V 2 ⊂ U. 
(ii) for every U ∈ µe, there is an element V ∈ µe such that 
V −1 ⊂ U. 
(iii) for every U ∈ µe, there is an element V ∈ µe such that 
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V ∗ x ⊂ U, for each x ∈ U. 
(iv) for every U ∈ µe, and x ∈ G, there is an element V ∈ µe such that 
x ∗ V ∗ x−1 ⊂ U. 
Proof: (i) Let U ∈ µe. This implies that 
e ∈ U ⊂ G 
and 
Nx∗y−1 = Ue∗e = U. 
Since (G,∗,τ) is an irresolute topological group, there exists V ∈ µe and by Lemma 4.1, 
V −1 ∈ µe such that 
V ∗ V ⊂ U. 
Therefore, 
V 2 ⊂ U. 
Since every irresolute topological group is quasi irresolute topological group, the 
proof of remaining parts (ii) to (iv) follow from Theorem 2.13.  
The following example shows that Theorem 4.5 (i) is not true for Irr−topological 
groups. 
Example 4.5 G = {0,1,2} is a group under addition modulo 3, and 
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τ = {ϕ,G,{0},{0,1}} 
is a topology on G. Then 
SO(G) = {ϕ,G,{0},{0,1},{0,2}}. 
Here (G,+3,τ) is an Irr−topological group. For any U ∈ µe (semi open set containing 
identity element e other than {e} and G), we can not find V from 
SO(G) satisfying 
V 2 ⊂ U. 
Definition 4.3 A mapping 
f : X → Y 
is: 
• an S-isomorphism if it is an algebraically isomorphism and (topologically) an S-
homeomorphism; 
• a semi-isomorphism if it is an algebraically isomorphism and a semi 
homeomorphism. 
Theorem 4.6 Let (G,∗,τG) be an irresolute topological group, and let (H,∗,τH) be a quasi 
s−topological group. Let 
f : G → H 
be S-isomorphism and let 
 101 
f(x−1) = (f(x))−1. 
Then H is also an s−topological group. 
Proof: Let h1,h2 ∈ H and let Nh1∗h−21 be an open neighbourhood of 
h1 ∗ h−2 1. 
Then 
f
←(Nh1∗h−21) 
is a semi open neighbourhood in G because f is semi continuous. Also f is bijective so 
there exists some g1,g2 ∈ G such that 
f(g1) = h1, and f(g2) = h2, 
that is, 
g1 = f←(h1), and g2 = f←(h2). 
Now G is an irresolute topological group, so there are semi open neighbourhoods 
Mg1 and Mg2 
such that 
Mg1 ∗ Mg2−1 ⊂ f←(Nh1∗h−21). 
This implies that 
f(Mg1 ∗ Mg2−1) ⊂ Nh1∗h−21. 
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or 
f(Mg1) ∗ f(Mg2−1) ⊂ Nh1∗h−21. 
This implies that 
f(Mg1) ∗ (f(Mg2))−1 ⊂ Nh1∗h−21. 
Since f is pre semi open, so 
f(Mg1) and f(Mg2) 
are semi open neighbourhoods in H containing h1 and h2 respectively. Let us say 
f(Mg1) = Wh1 and f(Mg2) = Wh2. 
Then we can write that 
Wh1 ∗ (Wh2)−1 ⊂ Nh1∗h−21. 
Hence H is an s−topological group.  
Theorem 4.7 Let (G,∗,τG) be an irresolute topological group, and let (H,∗,τH) be an 
s−topological group. Let 
f : G → H 
be semi-isomorphism and let 
f(x−1) = (f(x))−1. 
Then H is also an irresolute topological group. 
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Proof: Let h1,h2 ∈ H and let Nh1∗h−21 be a semi open neighbourhood of 
h1 ∗ h−2 1. 
Then 
f
←(Nh1∗h−21) 
is a semi open neighbourhood in G because f is semi homeomorphism. Also f is bijective 
so, there exist some g1,g2 ∈ G such that 
f(g1) = h1, and f(g2) = h2, 
that is, 
g1 = f←(h1), and g2 = f←(h2). 
Now G is an irresolute topological group, so there are semi open neighbourhoods Mg1 
and Mg2 
such that 
Mg1 ∗ Mg2−1 ⊂ f←(Nh1∗h−21). 
This implies that 
f(Mg1 ∗ Mg2−1) ⊂ Nh1∗h−21. 
or 
f(Mg1) ∗ f(Mg2−1) ⊂ Nh1∗h−21. 
This implies that 
f(Mg1) ∗ (f(Mg2))−1 ⊂ Nh1∗h−21. 
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Since f is pre semi open, so 
f(Mg1) and f(Mg2) 
are semi open neighbourhoods in H containing h1 and h2 respectively. Let us say 
f(Mg1) = Wh1 and f(Mg2) = Wh2. 
Then we can write that 
Wh1 ∗ (Wh2)−1 ⊂ Nh1∗h−21. 
Hence H is an irresolute topological group.  
Theorem 4.8 Let (G,∗,τG) be a topological group, and let (H,∗,τH) be an irresolute 
topological group. Let 
f : G → H 
be a topologically isomorphism and let 
f(x−1) = (f(x))−1. 
Then H is also a topological group. 
Proof: Let h1,h2 ∈ H and let Nh1∗h−21 be an open neighbourhood of 
h1 ∗ h−2 1. 
Then 
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f
←(Nh1∗h−21) 
is an open neighbourhood in G because f is homeomorphism. Also f is bijective, so there 
exists some g1,g2 ∈ G such that 
f(g1) = h1, f(g2) = h2, 
that is 
g1 = f←(h1), g2 = f←(h2). 
Now G is a topological group, so there are open neighbourhoods 
Mg1 and Mg2 
such that 
Mg1 ∗ Mg2−1 ⊂ f←(Nh1∗h−21). 
This implies that 
f(Mg1 ∗ Mg2−1) ⊂ Nh1∗h−21. 
or 
f(Mg1) ∗ f(Mg2−1) ⊂ Nh1∗h−21. 
This implies that 
f(Mg1) ∗ (f(Mg2))−1 ⊂ Nh1∗h−21. 
Since f is open, so 
f(Mg1) and f(Mg2) 
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are open neighbourhoods in H containing h1 and h2 respectively. Let us say 
f(Mg1) = Wh1 and f(Mg2) = Wh2. 
Then we can write that 
Wh1 ∗ (Wh2)−1 ⊂ Nh1∗h−21. 
Hence H is a topological group. 
Remark 4.1 : 
   
quasi toplogical group ⇒ quasi s − topological group 
 
⇑  ⇑  
topological group ⇒ s − topological group  
⇓  ⇓  
Irr − topological group ⇒ S − topological group  
⇑  ⇑  
irresolute topological group ⇒ s − topological group  
⇓  ⇓  
quasi irresolute topological group ⇒ quasi s − topological group  
The following example shows that G is S−topological group but not irresolute 
topological group. 
Example 4.6 G = {0,1,2} is a group under addition modulo 3 and topology on 
G is 
τ = {ϕ,G,{0},{0,1}}. 
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(G,+3,τ) is an S−topological group but not an s−topological group, therefore not an 
irresolute topological group. 
In general, reverse implications are not true. This is evident from the followings: 
1. example 3.1 shows that (G,∗,τ) is an S−topological group but not a topological group. 
2. example 3.1 shows that (G,∗,τ) is an S−topological group but not an s− topo- 
logical group. 
3. example 3.7 shows that (G,∗,τ) is an S−topological group but not a quasi ir- 
resolute topological group. 
4. example 4.1 shows that (G,∗,τ) is an S−topological group but not an irresolute 
topological group. 
5. example 4.2 shows that (G,∗,τ) is an Irr−topological group but not an irresolute 
topological group. 
Theorem 4.9 Let (G,∗,τ) be an irresolute topological group, F a semi closed subset of G, 
and K is an s−compact subset of G such that 
F ∩ K = ϕ. 
Then there exists a semi open neighbourhood V of e such that 
F ∩ V ∗ K = ϕ 
(and a semi open neighbourhood V ′ of e such that 
F ∩ K ∗ V ′ = ϕ). 
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Proof: Let x ∈ K, so x ∈ G − F, and 
G − F = Fc 
is a semi open neighbourhood of x. Therefore, 
Fc ∗ x−1 
is a semi open neighbourhood of e. By Theorem 4.5, there is a semi open neighbourhood 
Wx of e such that 
Wx ∗ Wx ⊂ Fc ∗ x−1. 
Now 
K ⊂ ∪x∈KWx ∗ x. 
Since K is s−compact, we have 
. 
Take 
. 
For 
x ∈ K, x ∈ Wi ∗ xi, for some i. 
By construction of V , we have 
V ⊂ Wi, for each i. 
This implies 
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V ∗ x ⊂ Wi ∗ x ⊂ Wi ∗ Wi ∗ xi ⊂ Fc. 
In other words, 
F ∩ V ∗ x = ϕ. 
Since this is true for any x ∈ K, we now have, 
F ∩ V ∗ K = ϕ. 
 
Corollary 4.2 If K is s−compact, then y ∗ K−1 is s−compact in an irresolute 
topological group (G,∗,τ). 
Proof: Since every irresolute topological group is s−topological group, the result 
follows by Theorem 3.15.  
Theorem 4.10 Let (G,∗,τ) be an s−topological group, K an s− compact subset of G, and 
F a semi closed subset of G. Then 
F ∗ K and K ∗ F 
are semi closed subsets of G. 
Proof: We need to prove that 
F ∗ K = G. 
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So let 
y ∈ G − F ∗ K. 
This means 
F ∩ y ∗ K−1 = ϕ. 
Since K is s−compact so by Corollary 4.2, y ∗ K−1 is s− compact. By Theorem 
4.9, there is a semi open neighbourhood V of e such that 
F ∩ V ∗ y ∗ K−1 = ϕ. 
That is, 
F ∗ K ∩ V ∗ y = ϕ. 
Since V ∗ y is semi open neighbourhood of y contained in 
G − F ∗ K, 
we have F ∗ K is semi closed and similar arguments for the proof of K ∗ F.  
Theorem 4.11 Let 
f : (G,∗,τG) → (H,◦ ,τH) 
be homomorphism, where G is an irresolute topological group and H is an s−topological 
groups. If f is irresolute at the neutral element eG of G, then f is semi continuous on G. 
Proof: Let x ∈ G and W an open neighbourhood of 
y = f(x) in H. 
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Since left translations in H are S−homeomorphisms, there is a semi open neighbourhood 
V of eH of H such that 
ly(V ) = y ◦  V ⊂ W. 
From irresoluteness of f at eG it follows the existence of a semi open neighbourhood U 
of eG such that 
f(U) ⊂ V. 
lx : G → G 
is a pre semi open, since the set x∗U is a semi open neighbourhood of x for which 
f(x ∗ U) = f(x) ◦  f(U) = y ◦  f(U) ⊂ y ◦  V ⊂ W. 
Hence f is irresolute at the arbitrary point of G so f is irresolute on G.  
Corollary 4.3 Let (G,∗,τ) be an irresolute topological group, K an s−compact subset of 
G, and F a semi closed subset of G. Then 
F ∗ K and K ∗ F 
are semi closed subsets of G. 
Proof: Since every irresolute topological group is s−topological group, the result 
follows by Theorem 4.10.  
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4.2 Semi connectedness in irresolute topological groups 
In this section, we will discuss the semi connectedness of irresolute topological groups. 
Lemma 4.3 Let U be an arbitrary semi open neighbourhood of the neutral element e of 
a semi connected irresolute topological group (G,∗,τ). Then 
. 
Proof: Since every irresolute topological group is s-topological group, result follows 
by Theorem 3.22.  Theorem 4.12 Let K be a discrete invariant subgroup of a semi 
connected irresolute topological group G. Then every element of K commutes with 
every element of G, that is, K is contained in the center of the group (G,∗,τ). 
Proof: If K = {e}, there is nothing to prove. Suppose that the subgroup K is not trivial. 
Take an arbitrary element x ∈ K distinct from the identity element e of G. Since the 
group K is discrete, we can find an open neighbourhood U of x in G such that 
U ∩ K = {x}. 
Then by definition of an irresolute topological group, there exists a symmetric semi 
open neighbourhood V of e and a semi open neighbourhood V ∗ x of x in G such 
that 
(V ∗ x) ∗ V −1 ⊂ U 
Let y ∈ V . Since K is an invariant subgroup of G, we have 
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y ∗ K = K ∗ y. 
This implies that 
y ∗ x ∈ K ∗ y. 
This implies that 
y ∗ x ∗ y−1 ∈ K. 
It is also clear that 
y ∗ x ∗ y−1 ∈ V ∗ x ∗ V −1 ⊂ U. 
Therefore, 
y ∗ x ∗ y−1 ∈ U ∩ K = {x}, 
that is, 
y ∗ x ∗ y−1 = x. 
This implies that 
y ∗ x = x ∗ y, for each y ∈ V. 
Since the group G is semi connected, Lemma 4.3, implies that V n, with n ∈ N, covers 
the group G. Therefore, every element g ∈ G can be written in the form 
g = y1 ∗ ... ∗ yn, 
where, 
y1,y2,...,yn ∈ V 
and n ∈ N. Since x commutes with every element of V , we have: 
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g ∗ x = y1 ∗ y2 ∗ ...yn ∗ x = y1 ∗ y2 ∗ ...x ∗ yn = ... 
= y1 ∗ x ∗ ... ∗ yn = x ∗ y1 ∗ y2 ∗ ... ∗ yn = x ∗ g. 
Thus, we have proved that the element x ∈ K is in the center of group G. Since x is an 
arbitrary element of K, we conclude that the center of G contains K.  
Chapter 5 
Semi Quotient Mappings and Spaces 
In this chapter, we continue the study of s−topological and irresolute topological groups. 
We define semi quotient mappings which are stronger than semi continuous mappings, 
and then consider semi quotient spaces and groups. It is proved that for some classes of 
s−topological groups (G,∗,τ) the quotient space G/H is regular. S-isomorphisms and 
semi-isomorphisms of s−topological and irresolute topological groups are also 
discussed. 
The basic aim is to study properties of topological spaces and mappings between them 
by weakening the continuity and openness conditions. Semi continuity [51] and 
irresolute mappings [21] were a consequence of the study of semi open sets in 
topological spaces. Keeping in mind the existing concepts, semi quotient topology on a 
set is defined as a generalization of the quotient topology for spaces and groups. Various 
results on semi quotients of topologized groups are proved. A counter example is given 
to show that the quotient topology is properly contained in the semi quotient structure. 
It is proved that if certain irresolute topological groups G and H are semi-isomorphic or 
S-isomorphic, then their semi-quotients are semi-isomorphic. 
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5.1 Semi-quotient mappings 
Definition 5.1 A mapping 
f : X → Y 
from a space X onto a space Y is said to be semi quotient provided a subset V of Y is 
open in Y if and only if f←(V ) is semi open in X. 
Evidently, every semi quotient mapping is semi continuous and every quotient mapping 
is semi quotient. The following simple examples show that semi quotient mappings are 
different from semi continuous mappings and quotient mappings. 
Example 5.1 Let 
X = Y = {1,2,3} 
and let 
τX = {∅,X,{1},{2},{1,2},{1,3}} 
and 
τY = {∅,Y,{1},{2},{1,2}} 
be topologies on 
X and Y respectively. 
Let 
f : X → Y 
be a mapping defined by 
f(x) = x, x ∈ X. 
Since 
τY ⊂ τX, 
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the mapping f is continuous, hence semi continuous. On the other hand, this mapping is 
not semi quotient because f←({1,3}) is semi open in X although {1,3} is not open in Y . 
Example 5.2 Let 
X = {1,2,3,4}, Y = {a,b}, 
τX = {∅,X,{1},{3},{1,3}}, τY = {∅,Y,{a}}. 
Also let 
f : X → Y be a mapping such that f(1) = f(3) = f(4) = a; f(2) = b. 
The mapping f is not a quotient mapping because it is not continuous. On the other hand, 
f is semi quotient: the only proper subset of Y whose pre image is semi open in X is the 
set {a} which is open in Y . 
The following proposition is obvious. 
Proposition 5.1 (a) Every surjective semi continuous mapping 
f : X → Y 
which is either s−open or s−closed is a semi quotient mapping. (b) If 
f : X → Y 
is a semi quotient mapping and 
g : Y → Z 
is a quotient mapping, then the mapping 
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g ◦  f : X → Z 
is semi quotient. 
Proof: (a) Let 
O = f←(V ) ∈ SO(X). 
Then by s−openness of function f, we have 
f(O) = f(f←(V )) = V 
open in Y . Therefore, f is a semi quotient mapping. 
(b) A subset V ⊂ Z is open in Z if and only if g←(V ) is open in Y (because g is a quotient 
mapping), while the latter set is open in Y if and only if 
f←(g←(V )) 
is semi open in X (because f is semi quotient). So, V is open in Z if and only if 
(g ◦  f)←(V ) 
is semi open in X, i.e. g ◦  f is a semi quotient mapping.  
In the following example, it is shown that restriction of a mapping is a quotient mapping 
but not semi quotient. Example 5.3 Let 
π1 : R × R → R 
be a mapping defined by 
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π1(U × V ) = U, for every U × V ∈ R × R, 
where R denotes the real line. Define 
A = {x × y : x ≥ 0 or y=0 (or both) }. 
Then the restriction q of π1 from A onto R is a quotient mapping but not a semi quotient 
mapping because q−1([3,4)), a strip containing [3,4) in the first and fourth quadrants of 
R × R plane is semi open but [3,4) is not open in R. 
The restriction of a semi quotient mapping to a subspace is not necessarily semi 
quotient. Let X and Y be the spaces from Example 5.2, and 
A = {2,4}. 
Then 
τA = {∅,A}. 
The restriction 
fA = f|A : A → Y 
of f to A is not a semi quotient mapping because 
fA←({a}) = {4} 
is not semi open in A. 
To see when the restriction of a semi quotient mapping is also semi quotient we will 
need the following simple but useful lemmas. 
Lemma 5.1 [76] Let X be a topological space and X0 a subspace of X. If 
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A ∈ SO(X0), 
then 
A = B ∩ X0, for some B ∈ SO(X). 
Lemma 5.2 [61] Let 
f : X → Y 
be a mapping, A a subspace of X saturated with respect to f, 
B a subset of X. 
If 
g : A → f(A) 
is the restriction of f to A, then: 
g←(C) = f←(C), for any C ⊂ f(A) and f(A ∩ B) = f(A) ∩ f(B). 
Now we have this result. 
Theorem 5.1 Let 
f : X → Y 
be a semi quotient mapping, A a subspace of X, saturated with respect to f and 
g : A → f(A) 
be the restriction of f to A. Then: 
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(a) If A is open in X, then g is a semi quotient mapping; (b) If f is 
an s−open mapping, then g is semi quotient. 
Proof: (a) Let V be an open subset of f(A). Then 
V = W ∩ f(A) 
for some open subset W of X, so that 
g←(V ) = f←(W ∩ f(A)) = f←(W) ∩ A 
is a semi open set in A. 
Let now V be a subset of f(A) such that 
g←(V ) is semi open in A. 
We have to prove that V is open in f(A). Since g←(V ) is semi open in A and A is open 
in X we have that 
g←(V ) is semi open in X. 
By Lemma 5.2, 
g←(V ) = f←(V ); 
the set f←(V ) is semi open in X because f is semi quotient. Hence g←(V ) is semi open in 
f(A). This means that V is open in Y and thus in f(A). So g is a semi 
quotient mapping. 
(b) Let now f be s−open and V a subset of A such that g←(V ) is semi open in A. Again 
we must prove that V is open in f(A). Since 
g←(V ) = f←(V ) 
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and q←(V ) is semi open in A, by Lemma 5.1, we have 
f←(V ) = U ∩ A, 
for some U semi open in X. As f is surjective, it holds that 
f(f←(V )) = V. 
By Lemma 5.2, 
V = f(f←(V )) = f(U ∩ A) = f(U) ∩ f(A). 
The set f(U) is open in Y because f is s−open, so that V is open in f(A).  As a 
complement to Proposition 5.1 we have the following two theorems. Theorem 5.2 Let 
X, Y and Z be topological spaces, 
f : X → Y 
a semi quotient mapping, and 
g : Y → Z 
a mapping. Then the mapping 
g ◦  f : X → Z 
is semi quotient if and only if g is a quotient mapping. 
Proof: If g is a quotient mapping, then g ◦  f is semi quotient as the composition of a 
semi quotient and a quotient mapping (Proposition 5.1). 
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Conversely, let g ◦  f be semi quotient. We have to prove that a subset V of Z is open in 
Z if and only if g←(V ) is open in Y. The set 
f←(g←(V )) = (g ◦  f)←(V ) 
is semi open in X and since f is a semi quotient mapping we conclude that it will 
be open if and only if g←(V ) is open in Y .  
Theorem 5.3 Let 
f : X → Y 
be a mapping and 
g : X → Z 
a mapping which is constant on each set 
f←({y}), y ∈ Y. 
Then g induces a mapping 
h : Y → Z 
such that 
g = h ◦  f. 
Then: 
(1) If f is pre semi open and irresolute, then h is a semi continuous mapping if and 
only if g is semi continuous; 
(2) If f is semi quotient, then h is continuous if and only if g is semi continuous. 
Proof: Since g is constant on the set 
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f←({y}), y ∈ Y, 
then for each y ∈ Y , the set 
g(f←({y})) 
is a one-point set in Z, say h(y). Let 
h : Y → Z 
be a mapping defined by 
h(y) = g(f←(y)),y ∈ Y. 
Then for each x ∈ X we have, 
g(x) = g(f←(f(x))) = h(f(x)), i.e. 
g = h ◦  f. 
(1) Suppose g is a semi continuous mapping. If V is an open set in Z, then 
h←(V ) = f(g←(V )) ∈ SO(Y ) 
because f is pre semi open and g←(V ) is semi open in X. 
Thus h is a semi continuous mapping. 
Conversely, suppose h is a semi continuous. Let V be an open set in Z. The set 
g←(V ) = f←(h←(V )) 
is semi open in X because f is irresolute and 
h←(V ) ∈ SO(Y ). 
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So, g is semi continuous. 
(2) If g is semi continuous, then for any open set V in Z we have, 
g←(V ) is a semi open set in X. 
But, 
g←(V ) = f←(h←(V )). 
Since f is semi quotient it follows that 
h←(V ) is open in Y. 
So, h is continuous. 
Conversely, suppose h is continuous. For a given open set V in Z, h←(V ) is an open set 
in Y . We have, then 
g←(V ) = f←(h←(V )) ∈ SO(X) 
because f is semi quotient. That is, for any open set V in Z, 
g←(V ) is semi open in X. 
Thus g is semi continuous.  
At the end of this section we describe now a typical construction which shows how the 
notion of semi quotient mappings may be used to get a topology or a topologylike 
structure on a set. 
Construction: Let X be a topological space and Y a set. 
Let 
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f : X → Y be a mapping. 
Define 
sτQ := {V ⊂ Y : f←(V ) ∈ SO(X)}. 
It is easy to see that the family sτQ is a generalized topology on Y (i.e. ∅ ∈ sτQ and the 
union of any collection of sets in sτQ is again in sτQ) generated by f; we call it the semi 
quotient generalized topology. But sτQ need not be a topology on Y [82]. It happens if 
X is an extremally disconnected space, because in this case the intersection of two semi 
open sets in X is semi open [67]. It is trivial fact that in the later case sτQ is the finest 
topology σ on Y such that 
f : X → (Y,σ) 
is semi continuous. In fact, 
f : X → (Y,sτQ) 
is a quotient mapping [74] in this case. 
In particular, let ρ be an equivalence relation on X. Let 
p : X → X/ρ 
be the natural (or canonical) projection from X onto the quotient set X/ρ: for each x in 
X, p sends x to the equivalence class ρ(x). Then the family sτQ generated by p is a 
generalized topology on the quotient set X/ρ, and a topology when X is extremally 
disconnected. This topology will be called the semi quotient topology on X/ρ. Observe, 
that we forced the mapping p to be semi continuous, that is semi 
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quotient. 
This kind of construction will be applied here to topologized groups: to s−topological 
groups and irresolute topological groups. 
The following example shows that a quotient topology on a set generated by a mapping 
and the semi quotient (generalized) topology generated by the same mapping 
are different. 
Example 5.4 Let the set 
X = {1,2,3,4} 
be endowed with the topology 
τ = {∅,X,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. 
Then the set SO(X) of semi open sets is 
{∅,X,{1},{2},{3},{1,2},{1,3},{2,3}, 
{1,4},{2,4},{3,4},{1,2,3},{1,2,4},{1,3,4},{2,3,4}}. 
Define the relation R on X by xRy if and only if x + y is even. Therefore, 
R = {(1,1),(1,3),(2,2),(2,4),(3,1),(3,3),(4,2),(4,4)} 
is an equivalence relation, and 
X/R = {R(1),R(2)} = {{1,3},{2,4}}. 
Let 
p : X → X/R 
be the canonical projection. Then, 
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p←(R(1)) = {1,3} ∈ SO(X), 
and 
p←(R(2)) = {2,4} ∈ SO(X), 
so that 
sτQ = {∅,X/R,{R(1)},{R(2)}} 
is the semi quotient topology on X/R. On the other hand, 
p←({R(1)}) = {1,3} ∈ τ, 
but 
p←({R(2)}) = {2,4} ∈/ τ. 
Therefore, the quotient topology on X/R is 
τQ = {∅,X/R,{R(1)}}. 
5.2 Topologized groups 
In this section we give some information on s−topological groups and irresolute 
topological groups which were introduced and studied first in [83] and [59], respec- 
tively. 
Theorem 5.4 If a mapping 
f : X → Y 
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between topological spaces X and Y is s−perfect, then for any compact subset K of Y , 
the pre image f←(K) is an s−compact subset of X. 
Proof: Let 
{Ui : i ∈ Λ} 
be a semi open cover of f←(K). Then for each x ∈ K the set f←(x) can be covered by 
finitely many Ui; let U(x) denote their union. Then 
O(x) = Y \ f[X \ U(x)] 
is an open neighbourhood of x in Y because f is an s−closed mapping. So, 
K ⊂ ∪x∈KO(x), 
and because K was assumed to be compact so, there are finitely many points 
x1,x2,··· ,xn 
in K such that 
. 
It follows that 
, 
hence f←(K) is s−compact in X.  
The following results are related to s−topological groups, and they are generalizations 
of some results for topological groups. 
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Theorem 5.5 Let G, H and K be s−topological groups, 
φ : G → H 
a semi continuous homomorphism, 
ψ : G → K 
an irresolute onto homomorphism, such that 
kerψ ⊂ kerφ. 
Assume also that for each open neighbourhood U of eH there is a semi open 
neighbourhood V of eK with 
ψ←(V ) ⊂ φ←(U). 
Then there is a semi continuous homomorphism 
f : K → H 
such that 
φ = f ◦  ψ. 
Proof: The existence of a homomorphism f such that 
φ = f ◦  ψ 
is well-known fact in group theory. We verify the semi continuity of f. Suppose U is an 
open neighbourhood of eH in H. By our assumption, there is a semi open neighbourhood 
V of eK in K such that 
ψ←(V ) ⊂ φ←(U). 
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Then 
φ = f ◦  ψ 
implies 
f(V ) = φ(ψ←(V )) ⊂ φ(φ←U) ⊂ U, 
which means that f is semi continuous at the identity element eK of K. By [83], 
f is semi continuous on K.  Theorem 5.6 Suppose that G, H and K are s−topological 
groups. Let 
φ : G → H 
be a semi continuous homomorphism, 
ψ : G → K 
an irresolute onto homomorphism such that 
kerψ ⊂ kerφ. 
If ψ is pre semi open, then there is a semi continuous homomorphism 
f : K → H 
such that 
φ = f ◦  ψ. 
Proof: By Theorem 5.5, there exists a homomorphism 
f : K → H 
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satisfying 
φ = f ◦  ψ. 
We prove that f is semi continuous. Let V be an open set in H. From 
φ = f ◦  ψ 
it follows that 
f←(V ) = ψ(φ←(V )). 
Since, φ is semi continuous, the set φ←(V ) is semi open in G, and pre semi openness of 
ψ implies that 
ψ(φ←(V )) 
is semi open, i.e. f←(V ) is semi open in K. This means that f is semi continuous. 
 
Theorem 5.7 Let 
(G,∗,τG) and (H,·,τH) 
be s−topological groups, and 
f : G → H 
a homomorphism of G onto H such that for some non-empty open set 
U ⊂ G, 
the set f(U) is semi open in H and the restriction 
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f U : U → f(U) 
| 
is a pre semi open mapping. Then f is pre semi open. 
Proof: We have to prove that if x ∈ G and 
W ∈ SO(G,x), 
then 
f(W) ∈ SO(H,f(x)). 
Pick a fixed point y ∈ U and consider the mapping 
ℓy∗x−1 : G → G. 
Evidently, 
ℓy∗x−1(x) = y, 
and by [83], ℓy∗x−1 is an S−homeomorphism of G onto itself. Thus the set 
V = U ∩ ℓy∗x−1(W) 
is semi open as the intersection of an open set U and a semi open set 
(ℓy∗x−1(W)), 
i.e. V is a semi open neighbourhood of y in U. By assumption on f, the set f(V ) is semi 
open in H. Set 
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z = f(x ∗ y−1) 
and consider the mapping 
ℓz : H → H. 
We have 
ℓz(f(y)) = z · f(y) = f(x). 
Clearly, 
ℓz ◦  f ◦  ℓy∗x−1 = f, 
hence 
(ℓz ◦  f ◦  ℓy∗x−1)(W) = f(W). 
However, ℓz is an S−homeomorphism of H onto itself. As f(V ) is semi open in H, the 
set ℓz(f(V )) is also semi open in H. Therefore, the set f(W) contains a semi open 
neighbourhood ℓz(f(V )) of f(x) in H, so that 
f(W) ∈ SO(H,f(x)) 
as required.  
Theorem 5.8 Let (G,∗,τG) be an irresolute topological group, (H,·,τH) an s−topological group, 
and 
f : G → H 
a homomorphism. Suppose that for each 
U ∈ SO(G,eG), 
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the set f(U) contains a non-empty semi open set in H. Then the homomorphism f is pre 
semi open. 
Proof: Let us prove that for each 
U ∈ SO(G,eG) 
it holds 
eH ∈ sInt(f(U). For 
this, choose semi open neighbourhoods 
V1 and V2 
of eG such that 
V1−1 ∗ V2 ⊂ U, 
which is possible because G is an irresolute topological group. Let 
W1 and W2 
be semi open subsets of H contained in 
f(V1) and f(V2), 
respectively. Then, by a result from [15] (see [83]), 
W1−1 ∗ W2 
is a semi open neighbourhood of eH and we have, 
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W1−1 ∗ W2 ⊂ (f(V1))−1 · f(V2) = f(V1−1 ∗ V2) ⊂ f(U), i.e. 
eH ∈ sInt(f(U)). 
Take now an arbitrary element 
y ∈ f(U) 
and let 
y = f(x), 
for some x ∈ U. By [59], there is a semi open neighbourhood V of eG such that 
x ∗ V ⊂ U. 
Let W be a semi open neighbourhood of eH in H with 
W ⊂ f(V ). 
Then the set y · W contains y, and since in s−topological groups left translations are 
S−homeomorphisms, it is semi open in H. Moreover, 
y · W ⊂ y · f(V ) = f(x) · f(V ) = f(x · V ) ⊂ f(U). 
This implies that the set f(U) is semi open in H, i.e. f is a pre semi open mapping.  
5.3 Semi-quotients of topologized groups 
In this section we apply the construction of sτQ described in the Section of semiquotient 
mappings to topologized groups and establish some properties of their semi quotients. 
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If G is a topological group and H a closed subgroup of G, we can look at the collection 
G/H of left cosets of H in G (or the collection H\G of right cosets of H in G), and endow 
G/H (or G\H) with the semi quotient structure induced by 
the natural projection 
p : G → G/H. 
Recall that G/H is not a group under coset multiplication unless H is a normal subgroup 
of G. 
The following simple lemma may be quite useful in what follows. 
Lemma 5.3 [7] Let 
p : G → G/H 
be a canonical projection mapping. Then for any subset U of G, 
p←(p(U)) = U ∗ H. 
Theorem 5.9 Let (G,∗,τ) be an extremally disconnected irresolute topological group, H 
its closed invariant subgroup. Then (G/H,∗,sτQ) is an irresolute topological group. 
Proof: First, we observe that sτQ is a topology on G/H. Let 
x ∗ H,y ∗ H ∈ G/H 
and let 
W ⊂ G/H 
be a semi open neighbourhood of 
(x ∗ H) ∗ (y ∗ H)−1. 
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By the definition of sτQ (induced by p), the set 
p←(W) = W ∗ H 
is a semi open neighbourhood of x∗y−1 in G, and since G is an irresolute topological 
group, there are semi open sets 
U ∈ SO(G,x) 
and 
V ∈ SO(G,y) 
such that 
U ∗ V −1 ⊂ W ∗ H. 
By Theorem 5.8, the sets 
p(U) = U ∗ H 
and 
p(V ) = V ∗ H 
are semi open in G/H, which contain 
x ∗ H and y ∗ H, 
respectively, and satisfy 
(U ∗ H) ∗ (V ∗ H)−1 = (U ∗ V −1) ∗ H ⊂ W ∗ H. 
This just means that (G/H,∗,sτQ) is an irresolute topological group.  Theorem 5.10 Let 
(G,∗,τ) be an s−topological group and H a closed subgroup of G. Then for every semi 
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open set U ⊂ G, the set p(U) belongs to sτQ. In particular, if G is extremally 
disconnected, then p is an s−open mapping from 
G to (G/H,sτQ). 
Proof: Let V ⊂ G be semi open. By definition of sτQ, 
p(V ) ∈ sτQ 
if and only if 
p←(p(V )) ⊂ G 
is semi open, i.e. V ∗ H is semi open in G. But V ∗ H is semi open in G because 
V ∈ SO(G) 
and (G,∗,τ) is an s−topological group. Clearly, if sτQ is a topology, the last 
condition says actually that p is an s−open mapping.  
The following theorem is similar to Theorem 5.10. 
Theorem 5.11 If H is a closed s−compact subgroup of an s− topological group (G,∗,τ), 
then for every semi closed set F ⊂ G, the set 
p(G \ F) 
belongs to sτQ. If sτQ is a topology, then p is an s−perfect mapping. 
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Proof: Let F ⊂ G be semi closed. By Theorem 4.10 the set 
p←(p(F)) = F ∗ H ⊂ G 
is semi closed. By definition of sτQ, 
G/H \ F ∗ H ∈ sτQ. 
Let now sτQ be a topology on G/H. Take any semi closed subset F of G. The set 
F ∗ H is semi closed in G and 
F ∗ H = p←(p(F)). 
This implies, p(F) is closed in the semi quotient space G/H. Thus p is an s−closed 
mapping. On the other hand, if 
z ∗ H ∈ G/H 
and 
p(x) = z ∗ H 
for some x ∈ G, then 
p←(z ∗ H) = p←(p(x)) = x ∗ H, 
and by Lemma 5.3 and Theorem 3.15, this set is s−compact in G. Therefore, p 
is s−perfect.  
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Corollary 5.1 Let (G,∗,τ) be an extremally disconnected s−topological group and H its 
closed s−compact subgroup. If the semi quotient space (G/H,sτQ) is compact, then G is 
s−compact. 
Proof: By Theorem 5.11, the projection 
p : G → G/H 
is s−perfect. Then by Theorem 5.4 we obtain that 
p←(p(G)) = G ∗ H = G 
is s−compact.  
Theorem 5.12 Suppose that (G,∗,τ) is an extremally disconnected s−topological group, 
H is a closed invariant subgroup of G and 
p : G → (G/H,sτQ) 
is the canonical projection. Let U and V be two semi open neighbourhoods of e in 
G such that 
V −1 ∗ V ⊂ U. 
Then 
Cl(p(V )) ⊂ p(U). 
Proof: Let 
p(x) ∈ Cl(p(V )). 
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Since V ∗ x is a semi open neighbourhood of x ∈ G and, by Theorem 5.10, p is s−open, 
we have that p(V ∗ x) is an open neighbourhood of p(x). Therefore, 
 p(V ∗ x) ∩ p(V ) ≠ ∅. 
It follows that for some a,b ∈ V we have, 
p(a ∗ x) = p(b), 
that is, 
a ∗ x ∗ h1 = b ∗ h2, for some h1,h2 ∈ H. 
Hence, 
x = a−1 ∗ b ∗ h2 ∗ h−1 1 = (a−1 ∗ b) ∗ (h2 ∗ h1− 1) ∈ U ∗ H 
since 
a−1 ∗ b ∈ V −1 ∗ V ⊂ U 
and H is a subgroup of G. Therefore, 
p(x) ∈ p(U ∗ H) = U ∗ H ∗ H = U ∗ H = p(U). 
 
Theorem 5.13 Let (G,∗,τ) be an extremally disconnected s−topological group and H a 
closed invariant subgroup of G. Then the semi quotient space (G/H,sτQ) 
is regular. 
Proof: 
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Let W be an open neighbourhood of 
p(eG) = H 
in G/H. By semi continuity of p, we can find a semi open neighbourhood U of eG such that 
p(U) ⊂ W. 
As G is extremally disconnected and s−topological group, it follows from 
e ∗ e−1 = e 
that there exists a semi open neighbourhood V of eG such that 
V −1 ∗ V ⊂ U. 
By Theorem 5.12, we have 
Cl(p(V )) ⊂ p(U) ⊂ W. 
By Theorem 5.10, p(V ) is an open neighbourhood of p(eG). This proves that 
(G/H,sτQ) is a regular space.  
If (G,∗) is a group, H its subgroup, and a ∈ G, then we define the mapping 
λa : G/H → G/H 
by 
λa(x ∗ H) = a ∗ (x ∗ H). 
Proof: 
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This mapping is called a left translation of G/H by a [7]. 
Theorem 5.14 If (G,∗,τ) is an extremally disconnected irresolute topological group, H a 
closed subgroup of G, and a ∈ G, then the mapping λa is a semi homeomorphism and 
p ◦  ℓa = λa ◦  p 
holds. 
Since G is a group, it is easy to see that λa is a (well defined) bijection on G/H. 
We prove that 
λa ◦  p = p ◦  ℓa. 
Indeed, for each x ∈ G we have, 
(p ◦  ℓa)(x) = p(a ∗ x) = (a ∗ x) ∗ H = a ∗ (x ∗ H) = λa(p(x)) = (λa ◦  p)(x). 
This is required. It remains to prove that λa is irresolute and pre semi open. This 
follows from the following facts. Let 
x ∗ H ∈ G/H. 
For any semi open neighbourhood U of eG, 
p(x ∗ U ∗ H) 
is a semi open neighbourhood of 
x ∗ H in G/H. 
Similarly, the set 
p(a ∗ x ∗ U ∗ H) 
Proof: 
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is a semi open neighbourhood of 
a ∗ x ∗ H 
in G/H.  
Theorem 5.15 Let (G,∗,τG) and (H,·,τH) be extremally disconnected irresolute topological 
groups and 
f : G → H 
be a semi-isomorphism. If G0 is an invariant closed subgroup of G and 
H0 = f(G0), 
then the semi quotient irresolute topological groups 
(G/G0,sτQ) and (H/H0,sτQ) 
are semi-isomorphic. 
Let 
p : G → G/G0, x 7→ x ∗ G0, 
and 
π : H → H/H0, f(x0) 7→ f(x0) · H0 (x0 ∈ G0) 
be the canonical projections. Consider the mapping 
φ : G/G0 → H/H0 
defined by 
φ(x ∗ G0) = f(x) · f(G0), x ∈ G, y = f(x). 
Proof: 
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Then for 
x1 ∗ G0, x2 ∗ G0 ∈ G/G0 
we have, 
φ(x1∗G0∗x2∗G0) = φ(x1∗x2∗G0) = f(x1∗x2)·f(G0) = y1·y2·H0 = φ(x1∗G0)·φ(x2∗G0), 
i.e. φ is a homomorphism. Let us prove that φ is one-to-one. Let x ∗ G0 be an arbitrary 
element of G/G0. Set 
y = f(x). 
If 
φ(x ∗ G0) = H0, 
then 
π(y) = H0, 
which implies 
x ∈ G0, y ∈ H0, 
and 
kerφ = G0. 
So, φ is one-to-one. Next, 
we have 
φ(x ∗ G0) = y · H0, 
Proof: 
 
i.e. 
φ(p(x)) = π(y) = π(f(x)). 
This implies 
φ ◦  p = π ◦  f. 
Since f is a semi homeomorphism and p, π are s−open, semi continuous homomorphisms, 
we conclude that φ is open and semi continuous, i.e. a semiisomorphism.  
The following theorems are version of the second and third isomorphism theorems for 
topological groups (see [7]). 
Theorem 5.16 Let 
(G,∗,τG) and (H,·,τH) 
be extremally disconnected irresolute topological groups and let 
f : G → H 
be an s−open irresolute homomorphism. Let H0 be a closed invariant subgroup of 
H and 
G0 = f←(H0). 
Then the s−topological groups 
G/G0, H/H0 
and 
Proof: 
cxlvii 
(G/kerf)/(G0/kerf) 
are semi-isomorphic. 
Proof: By 
π : H → H/H0 
we denote the canonical projection. By Theorem 5.10, π is an s−open mapping, and thus 
the composition π ◦  f is an s−open semi continuous homomorphism of G onto H/H0 with 
the kernel 
f←(H0) = G0. 
Hence, by Theorem 5.15 the semi quotient groups 
G/G0 and H/H0 
are semi-isomorphic. It is clear that G0 is an invariant subgroup of G. Let 
φ : G/kerf → H 
be a mapping defined by 
φ(x ∗ kerf) = f(x). 
Then φ is a semi-isomorphism. Applying again Theorem 5.15 we conclude that the groups 
G/G0, H/H0 
and 
(G/kerf)/(G0/kerf) 
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are semi-isomorphic.  
Theorem 5.17 Let (G,∗,τ) be an extremally disconnected irresolute topological group, H a 
closed invariant subgroup of G, M a subgroup of G, and 
p : G → G/H 
the canonical projection. Then the semi quotient group 
M ∗ H/H 
is semi-isomorphic to the subgroup 
p(M) of G/H. 
Proof: It is clear that 
M ∗ H = p←(p(M)). 
As p is s−open and semi continuous, the restriction π of p to M ∗H is an s−open and semi 
continuous mapping of 
M ∗ H onto p(M). 
Since M is a subgroup of G and p is a homomorphism it follows that p(M) is a 
subgroup of 
G/H, M ∗ H 
is a subgroup of G, and 
Proof: 
cxlix 
π : M ∗ H → p(M) 
is a homomorphism. We have 
π←(π(eG)) = p←(p(eG)) = H, i.e. 
kerπ = H. 
It is easy now to conclude that 
M ∗ H/H and p(M) 
are semi-isomorphic.  
Surprisingly, we have the following result. 
Theorem 5.18 If H is a closed invariant subgroup of an extremally disconnected 
s−topological group (G,∗,τ), then (G/H,∗,sτQ) is a quasi topological group. 
Proof: Let 
lg : G → G and lp(g) : G/H → G/H 
denote the left translations by g ∈ G, and p(g) ∈ G/H, and let i and i′ be the group inverse 
mappings in G and G/H, respectively. For each x ∈ G, we have 
(p ◦  lg)(x) = g ∗ x ∗ H = (g ∗ H) ∗ (x ∗ H)(= m(g ∗ H,x ∗ H)) = (lp(g) ◦  p)(x) 
and 
(p ◦  i)(x) = x−1 ∗ H = (i′ ◦  p)(x). 
The following diagrams are commutative: 
Proof: 
cl 
lg 
 G −→ G 
 ↓ p p ↓ 
 G/H −→ G/H 
lp(g) 
i 
 G −→ G 
 ↓ p p ↓ 
 G/H −→ G/H 
i′ 
Since p is semi continuous mapping by definition of semi quotient topology, and 
lg : G → G defined by lg(x) = g ∗ x, for each x ∈ G 
is irresolute and for the proof let W be a semi open neighbourhood of 
lg(x) = g ∗ x. 
Then by Lemma 4.1, g−1 ∗ W is a semi open neighbourhood of x satisfying 
Proof: 
cli 
lg(g−1 ∗ W) = g ∗ g−1 ∗ W = W 
which means that lg is irresolute at x, and hence at G. Also i is irresolute; for the proof let 
W be a semi open neighbourhood of 
i(x) = x−1. 
Then by Lemma 4.1, W −1 is a semi open neighbourhood of x satisfying 
i(W −1) = W, 
this means that lp(g) and i′ must be continuous, making G/H a quasi topological group.  
Remark 5.1 
quotient mapping 
⇓ 
semi quotient mapping 
⇓ 
semi continuous mapping 
Generally the reverse implications are not true. This is evident from the followings: 1. 
Example 5.1 shows that the mapping f is semi continuous but not semi quotient. 
2. Example 5.2 shows that the mapping f is semi quotient but not a quotient. 
Chapter 6 Conclusion 
The basic aim was to study properties of topological spaces and mappings between them 
by weakening the continuity and openness conditions. Semi continuity [51] and irresolute 
Proof: 
clii 
mappings [21] were a consequence of the study of semi open sets in topological spaces. In 
this thesis, we have mainly discussed the generalizations of topological groups. In second 
chapter, classes of quasi irresolute topological groups, semi Irr-topological groups and 
quasi s-topological groups have been defined and studied. We noticed that the situation 
occurs when multiplication mapping is not separately continuous but it is semi continuous 
(irresolute). Such structures have been investigated. 
In chapter three, the study of topological groups has been extended to wider classes known 
as s-topological groups and S-topological groups. Counter examples are given. It is proved 
that S-topological group is a generalization of s-topological groups. Some important results 
and applications of s−topological groups and S−topological groups are presented. 
Similarities and differences from topological groups are explored. 
In chapter four, irresolute topological groups and Irr−topological groups are studied, their 
properties are investigated, and their differences from topological groups are established. 
Further, their properties are compared with properties of topological groups. 
In the last chapter, semi quotient mappings which are stronger than semi continuous 
mappings have been defined and then considered semi quotient spaces and groups. Keeping 
in mind the existing concepts, semi quotient topology on a set is defined as a generalization 
of the quotient topology for spaces and groups. Various results on semi quotients of 
topologized groups are proved. Counter examples are given to strengthen these concepts. 
It is proved that if certain irresolute topological groups G and H are semi-isomorphic or S-
isomorphic, then their semi-quotients are semi-isomorphic. 
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